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ABSTRACT

In this thesis we present a new algorithm to compute an approximation of multiply-connected open polygonal chains and polygons
using G2 continuous primitives. Our algorithm follows a divide and
conquer approach to successively refine the approximation consisting
of uniform cubic B-spline as approximation primitives. The approximation is confined to a tolerance zone which is constructed using
the Voronoi diagram of the input. Furthermore, the approximation
is based on a set of approximation nodes placed within the tolerance
zone.
An introduction to differential geometry is given in order to identify basic properties of curves including their class of continuity. We
also discuss primitives suitable to yield G2 continuity, such as Bézier
curves and cubic splines. Bernstein polynomials are introduced as
basis of Bézier curves and various properties including de Casteljau’s
algorithm for Bézier curve evaluation are stated. Furthermore, we
review a definition of uniform cubic B-splines as the basis of our approximation. With de Boor’s algorithm as generalization of the de
Casteljau algorithm, a numerically stable method for evaluation and
refinement of B-spline curves is given.
Our approximation resides within a tolerance zone assembling the
set of points that do not exceed a given tolerance threshold with respect to a specific metric. The Voronoi diagram is defined and used as
a utility data structure in order to give a definition of the input’s tolerance zone. Based on the Voronoi diagram, we describe an algorithm
to compute the tolerance zone boundary. This boundary is related to
but not identical with the traditional offset curves as defined in the
literature.
A set of so-called approximation nodes serves as the base of our
approximation primitives. These a-nodes are placed on the medial
axis of the tolerance zone which is a subset of the Voronoi diagram
for polygonal input. A definition of the medial axis is given along
with a description of our method to find suitable a-nodes on it. The
advantages and disadvantages of this approach are discussed.
To check whether a primitive lies within the tolerance zone, we
deal with various types of intersection tests. Some of these methods
require the computation of the primitive’s convex hull. Thus, an introduction to convex hulls is given in order to describe an algorithm
for intersection testing between approximation primitives and the tolerance zone boundary.
An analysis of the runtime complexity and memory consumption is
provided, showing that our algorithm runs in O(n log n) time and has
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a linear memory footprint. These claims are supported by empirical
tests of our implementation running on a large variety of inputs with
a defined automatic setup of tolerances.
Finally, having compared our divide and conquer algorithm to previously published greedy methods, we conclude that our new approach is both, faster and more efficient in terms of smaller output
size when used for approximation with spline curves than the methods published in literature.
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1

INTRODUCTION

1.1

about this thesis

In this thesis we describe an algorithm consisting of several subalgorithms capable of approximating geometric input data such as
multiply-connected simple planar polygons or polygonal chains by
G2 continuous primitives. We do not discuss more complex input
primitives such as biarcs, splines, or Bézier curves or input data of
higher dimension, e. g., curves in 3d. Many of these more sophisticated input primitives can be sampled, generating a pure polygonal
representation which can be used as input to our algorithm.
For the input, we compute the approximation consisting of one or
several approximation primitives. This approximation and thus all
resulting approximation primitives are subject to one major restriction: The distance in terms of the Hausdorff distance between the approximation and the input must not exceed a user-defined maximum
approximation tolerance. Thus, one major part of our work focuses
on the generation of a so-called tolerance zone. Based on this userdefined approximation tolerance, the boundary of the tolerance zone
is computed using a special decomposition of the underlying space
allowing a fast and robust generation of the according tolerance zone
boundaries.
The resulting approximation primitives are defined upon at least
two approximation nodes per primitive. These approximation nodes
are vertices generated within the tolerance zone and used, e. g., as
start- and endpoint of the according approximation primitive. Subsequently during the process of finding an approximation, primitives
defined upon different sets of approximation nodes are tested and
the best primitive is selected.
By choosing appropriate approximation primitives, we can achieve
different desirable properties of the entire approximation. One of the
most common requirements for many practical applications is tangent continuity. In this thesis we discuss various primitives suitable
to compute the even stronger C2 continuous approximations, i. e., approximations with continuous second derivatives. Such approximations are used within many applications, e. g., in the field of tool path
generation. For example in the field of rapid prototyping and CNC
milling, at least C1 -curves are required, as abrupt moves may either
damage the machine head and the material or cause severe processing speed penalties.
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As an additional feature, the tolerance zone does not need to be
symmetric. It might very well occur that the distance on one side is
required to be larger than on the other side. Even a negative tolerance
can be specified, resulting in a tolerance zone that is disconnected
from the original input polygon. Such types of tolerance zones are
of great importance in practical applications, for example when the
outline of a piece of material is specified. The resulting tool path
is required to be completely contained within the material, possibly
with some additional distance to the material’s border. This guarantees that, for example, a cutting machine’s head does not leave the
workpiece.
1.2

basic definitions and notations

Many different geometric objects will occur throughout this thesis.
Among these probably most common is the point or vertex in the
Euclidean space, denoted with an upper case Latin letter, e. g., P,
P( p x , py ). Any point can be defined by means of a position vector,
starting in the origin O and pointing at the specific point, e. g.,

−→
p = OP =

px
py

!
.

In literature, these two terms get mixed up frequently and it can often
be seen that basic mathematical operations are performed directly on
points, rather than on the position vectors implicitly defined by the
corresponding points.
We will denote the components of a vector x ∈ Rn as x1 , x2 , . . . , xn
where Rn denotes the n-dimensional Euclidean vector space. For a
vector a ∈ R2 we also write a x and ay for the x- and y-coordinates.
For a given vector p ∈ R2 let k pk denote q
the norm of that vector, i. e.,
the Euclidean distance k pk = d(O , P) = p2x + p2y from the origin O
to the tip of the vector, the point P.
The input P for our algorithm consists of multiply-connected simple planar polygons or polygonal chains, i. e., a number of consecutively connected line segments in a plane. As the input is multiplyconnected, we do not accept one, but a set of intersection free simple
open or closed polygonal chains as input. We define a polygonal
chain as a curve defined by a sequence of vertices with a line segment connection between every two consecutive vertices. A closed
polygonal chain has a connecting line segment between the first and
the last vertex, alternatively we say the first and the last vertex coincide. A simple polygonal chain does not have any intersections except
for successive (or the first and the last) line segments in the enclosed
nodes. All defining vertices are required to lie within the Euclidean
plane R2 , sometimes in literature also denoted by E2 .
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We assume our input to be simple, i. e., all input polygonal chains
are simple and pairwise disjoint. A definition of the term simple in
the context of (parametric) curves is introduced when defining curves
in Section 3.4.2.
There do exist algorithms to check for simplicity of a given input
polygon based on the triangulation algorithm by Chazelle [Cha91]
that run in O(n) time. Unfortunately, there do not exist any known
implementations of Chazelle’s triangulation algorithm and according
to Steven Skiena [Ski08]
[this] algorithm is sufficiently hopeless to implement that
it qualifies more as an existence proof [Ski08, p. 575].
Thus we resort to another algorithm to perform simplicity checks,
the Shamos-Hoey algorithm [SH76] which runs in O(n log n) time.
Additionally, one can use the Bentley-Ottmann algorithm [BO79] to
modify a complex polygon and extract a set of simple polygons. The
Bentley-Ottman algorithm runs in O((n + k ) log n) time with n the
total number of vertices and k the number of intersections found.
In addition to the previous definition, we also use the term polygon to describe a closed polygonal chain. In opposition to simple
open polygonal chains, simple polygons as simple closed polygonal
chains do have important additional properties: Most notably, simple polygons have an interior and an exterior. As simple polygons
can be classified as Jordan curves, this is an implication from the Jordan curve theorem which states that any simple closed curve in the
plane, i. e., a closed curve without self-intersections, divides the plane
into two regions. For this theorem, many different proofs exist, e. g.,
[Bro25].
With the definition of an interior and an exterior, the problem of
determining whether a given point lies within the polygonal chain
arises. A finite procedure to determine, whether a point lies within
a Jordan curve, is described in [BJMR75]. For simple polygons, this
problem can be solved by conducting a point-in-polygon test. Many
solutions and algorithms for this problem can be found in the literature, e. g., the ray-casting algorithm [SSS74]. Nevertheless, as we
explicitly allow open polygonal chains as input, we must not rely
on interior- and exterior properties and thus for our thesis point-inpolygon-tests are of little importance.
In some chapters, most notably in Chapter 6, we deal with sets of
points or functions at a given level or degree n. Often these functions
are recursively defined or require recursive data structures consisting
of sets of points at a given level n. We use the convention that for a
function f n, k (t) or an intermediate point pn, k the first index n denotes
the level and the second index k denotes the index of the function
or point at level n. Usually we can assume the first level at n = 0
to coincide with the input points pi , i. e., pi = p0,i . Sometimes the
additional notations bkn (t) or pnk can be observed in the literature.
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1.3

outline

Following the same scheme as Heimlich and Held, [Hei06], [HH08a],
our system consists of the following sub-algorithms:
1. Preprocessing: The input data is read and subjected to a unitsquare-transformation, i. e., all input primitives are scaled to fit
into the unit square [0, 1]2 . Furthermore, degenerate vertices are
removed, such as duplicate vertices, defining zero length edges,
and inner co-linear-points, i. e., vertices p j with an angle at p j
defined by the neighboring vertices p j−1 , p j+1 of 180 degrees.
2. Tolerance Zone: We compute the Voronoi diagram of the
input and extract a tolerance zone boundary. This tolerance
zone boundary consists of straight line segments and separates
the tolerance band from the outside. Thus, any approximation
primitive starting within the tolerance zone and intersecting the
tolerance zone boundary must be discarded, as it violates the
maximum approximation tolerance.
3. Approximation Nodes: We compute the inner Voronoi diagram of the tolerance zone boundaries and use sampled vertices
on the medial axis as initial approximation nodes.
4. Approximation Algorithms: The actual approximation is carried out by a greedy algorithm that attaches the longest possible valid approximation segment to the output. Different algorithms are presented in the work by Held and Eibl [HE05].
Additionally, we present a top-down approach implementing a
divide and conquer scheme that can be used with approximation primitives based on more than two approximation nodes.
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P R I O R A N D R E L AT E D W O R K

2.1

polynomial interpolation

The problem of approximating an input polygonal chain is closely
related to the problem of finding a curve that best fits a series of data
points. Such a curve may possibly be subject to given constraints and
can be used to either interpolate the points, i. e., the data points lie on
the curve, or smooth the input with respect to a given error criterion.
Many different error metrics have been investigated, such as least
absolute deviation [Kar58] or more commonly least squares. The latter
was first developed by Legendre [BM89, p. 487] and sometimes is
credited to Gauss. For details on the historical events leading to the
discovery of the least squares method see [Pla72].
Fitting a sufficiently smooth curve or a surface through a set of data
points is a common problem with many references in the literature.
Such a curve fitting problem is specified in [Gal99, p. 9] as follows:
Given n + 1 data points p0 , . . . , pn and a sequence of n + 1
reals t0 , . . . , tn , with ti < ti+1 for all i, 0 ≤ i ≤ n − 1, find a
[...] curve γ : [t0 , t1 ] → R2 , such that γ(ti ) = pi , for all i,
0 ≤ i ≤ n.
There are many different types of curves that are suitable to solve
this problem. As an obvious attempt to approximate the input polygonal chain, we could choose (equidistant) knots in the curve’s parametric domain to compute the set of data points and then compute
the polynomial interpolation. The simplest method on these generated data points is the linear interpolation, which connects the data
points with straight line segments. Clearly, this method is not suitable
to construct curves of higher class of continuity, and thus one would
probably generalize it to use polynomials as interpolating functions.
As a very important theorem, it can be shown that there exists a
unique interpolating polynomial of minimal degree. This unisolvence
theorem implicates that all methods of computing a polynomial interpolation yield the same result. Nevertheless, the resulting polynomial interpolations can be in different forms. As a choice discussed
widely in literature, we resort to Lagrange polynomials. For a given
set of points in R2 , the Lagrange polynomial is the polynomial in Lagrange form of minimal degree which passes through all of the data
points.
The Lagrange method, although published in 1795 by Joseph-Louis
Lagrange, was actually discovered by Edward Waring in 1779 and rediscovered in 1783 by Leonard Euler. For this reason, it is sometimes
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referred to as Waring-Lagrange-interpolation. The interpolation is
computed for a given set of n + 1 data points p0 , . . . , pn with respect
to the n + 1 discrete knots t0 , . . . , tn with the mapping λ(ti ) = pi as
n

Ln ( x ) =

∑ λ(ti ) ln, i (x)

.

i =0

The basis functions ln, i are defined as
n

∏

ln, i ( x ) =

k =0, k6=i

x − tk
.
ti − t k

It can be observed that the basis functions ln, i ( x ) form polynomials
of degree n and satisfy the condition

ln, i (tk ) =


1,

i=k ,

0,

i 6= k .



The resulting polynomial in Lagrange form interpolates the given
data points pi . The coefficients of the polynomial in power basis can
be computed by evaluating the resulting Vandermonde matrix [Shm07].
Unfortunately, this matrix tends to be ill-conditioned.
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Figure 1: Runge’s phenomenon: The interpolation polynomial oscillates at
the edges of the interval [−1, 1]. The function to be approximated
at the uniformly distributed approximation nodes is the Runge
function
f5 (x) =

1
.
1 + (5x )2

Another even more problematic disadvantage of polynomial interpolation that can be observed especially when using polynomials of
higher degrees is Runge’s phenomenon. Named after Carl David
Tolmé Runge, this phenomenon describes the oscillation that occurs
when the degree of the interpolating polynomials is high [Run01].
The effect can be compared to the Gibbs phenomenon for sine and
cosine as basis functions, see Section 6.1.1. Its main implication is that
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with higher degree the quality of the interpolation does not necessarily increase. An example of an interpolation of the Runge function
can be seen in Figure 1.
We can conclude that Polynomials of especially higher degree are
unsatisfactory in a number of ways. The main problem is that polynomials of high degrees tend to oscillate at the interval borders and
thus are not suitable for approximation within a maximum approximation tolerance. Furthermore, the condition numbers of the Vandermonde matrices used to compute the coefficients of interpolation
polynomials may be large [Gau74] and thus the algorithm may suffer from serious numerical problems. To remedy these shortcomings,
different approaches can be followed:
• Non-Uniform Point Distributions: Uniform point distributions tend to be prone to the Runge phenomenon. Furthermore,
the resulting polynomial is ill-conditioned, i. e., minor changes
in the input points cause huge changes in the interpolant. As
a possible solution to minimize the oscillation the interpolation
knots can be distributed more densely at the edges of the interval. An example of such a distribution is the Chebyshev distribution [BT04].
• Piecewise Polynomials: Due to their impact in the field of
computer aided geometric design, we resort to piecewise polynomial functions. Many of the problems associated with polynomials of higher degree can be avoided by using so-called
spline curves. These splines are compounds of polynomial curves
at a given (low) degree and possibly cause some additional
work to maintain continuity properties at the joints. For further
details see Chapter 6.
2.2

tolerance band generation

Held and Eibl [Eib02], [HE05] presented an algorithm for computing
a tolerance band which consists of so-called T-parts. These T-parts
are trapezoids, triangles, disc-sectors and ring-sectors, attached to the
input. The tolerance band is computed as the result of cropping and
shrinking all these T-parts until they are free of intersections.
The weakness of this tolerance band generation algorithm is its
vulnerability against noisy input data [Hei06]. At regions of high
noise, the tolerance band becomes unnecessarily tight. As a result,
the approximation curve is forced to preserve many small details and
thus the number of approximation primitives required increases. Additionally, a large number of tolerance band primitives located at a
single region of noisy input data causes problems with the use of
hashing techniques. A sample of such a noisy input data problem
can be seen in Figure 3.
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(a) disc sector

(b) trapezoid

(c) triangle

Figure 2: The T-part approach as proposed by Held and Eibl builds a tolerance zone based on T-part primitives, disc-sectors, trapezoids and
triangles.

Figure 3: The T-part approach is suboptimal when applied to noisy input
data, as the actual tolerance zone generated may become unnecessarily tight.

Heimlich and Held implemented a second approach to overcome
these issues [HH08a]. They use the Voronoi diagram of the input
data and compute a conventional offset, which consists of zero to
several offset curves. Based on the conventional offset, a so-called
pseudo offset curve is generated. This curve, in the implementation of
Heimlich consisting of points, straight line segments and circular arcs,
forms the border of the tolerance zone and is used for intersection
tests to confine the approximation to the tolerance zone.
The approach by Heimlich and Held is focused on closed polygonal
chains, i. e., polygons. This makes it possible to define a signed distance ds ( P, q) between a point q and the input polygons P as follows,
using the minimum Euclidean distance d( P, q) between a polygon
and a point. The following definition of ds makes it necessary to use
concepts of interior and exterior of a polygon.
For two simple polygons without intersections it is clear that either
both polygons lie in the exterior of each other (they are not nested) or
one polygon P1 lies in the interior of P2 , the other. If the first polygon
lies in the interior of the other, we can say P1 is nested within the other
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polygon P2 , which leads us to the definition of the nesting level nl ( P)
of a polygon P as described by Heimlich and Held: We say nl ( P) is
the number of polygons of P that have P in their interior [HH08a].

ds ( P, q) :=




d( P, q)








0





−d( P, q)







if q ∈ int( P) and nl ( P)is even, or
if q ∈ ext( P) and nl ( P)is odd,
if q ∈ P,
if q ∈ ext( P) and nl ( P)is even, or
if q ∈ int( P) and nl ( P)is odd.

This yields the definition of a tolerance zone T Z ( P, dl , dr ) around
P with given left and right tolerance dl , dr as the set of points x ∈ R2
which have a signed distance ds ( P, x ) between dl and dr :

T Z ( P, dl , dr ) := { x ∈ R2 : dl ≥ ds ( P, x ) ≥ dr }
This work by Heimlich and Held also includes a functionality to
add so-called spikes to the offset curve.

dr

dr
d

(a) Without the spike the maximum
of the (minimal) distances d between the input and the approximation can become larger than our
approximation tolerance dr .

spike

(b) The spike, as a subset of the
Voronoi diagram, ensures that the
Hausdorff distance between the input and the approximation does
not exceed the tolerance.

Figure 4: Spikes are added to prevent shortcuts of the approximation.

A spike is a subset of the Voronoi diagram which ensures that the
distance from any point of the input to the approximation does not exceed the maximum distance, i. e., that the Hausdorff distance between
the input and the approximation does not exceed the approximation
tolerance.
To generate these spikes we focus on only those parts of the Voronoi
diagram that do not coincide with our tolerance zone boundary and
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that are closer to the input than our requested approximation tolerance. All resulting sets of Voronoi edges have in common that one
vertex v lies exactly on the tolerance zone boundary. Basically, we
deal with trees rooted in v that consist of nodes and edges of the
Voronoi diagram.
We start with one vertex v on the tolerance zone boundary and
depict the set of nodes of the original polygonal input chain that can
be reached as leaves of the tree Tv rooted in v as Sv . Sv can be easily
obtained by in-order traversing Tv . The set of nodes Sv is stored in
a list structure, e. g., a queue. We start in a top-down approach and
recursively apply a series of steps, keeping track of the current end
point of the spike. This can be achieved in linear time [HH08a].
The generated spikes are connected to the tolerance zone boundaries and require the approximation to converge to the input such
that the input P is within the tolerance zone of the approximation
A, i. e., P ∈ T Z (A, dl , dr ). A sample spike and the impact on the
approximation can be seen in Figure 4.
2.3

approximation algorithms

A large number of algorithms can be found in the literature that compute a polygonal approximation of (polygonal) curves by line segments. These algorithms are focused on two optimization problems
and can thus be classified into two groups.
One class deals with the problem of finding the minimum number
of approximation primitives that is sufficient to approximate an input within a given maximum tolerance e. The other class deals with
finding an approximation of minimal approximation error consisting
of a fixed number of primitives.
Our approach, as an extension of the prior work by Held, Eibl and
Heimlich [HE05], [HH08a], focuses on the first class of problems. The
main objective is to find a suitable approximation, i. e., an approximation that does not exceed a predefined tolerance zone, with a minimal
number of primitives. Nevertheless, our work lies within the field of
greedy algorithms, and thus we do not claim and do not present an
optimal algorithm in this case.
Drysdale et al. presented an algorithm in 2006 [DRS06] which returns the minimum number of circular arcs within a given tolerance
zone required to approximate the input based on a given set of approximation nodes which form the start and end vertices for approximation primitives found. The algorithm, as later published in 2008
[DRS08] runs in O(n2 log n) optimal time. As its asymptotic runtime
complexity has been shown to be optimal, this can be seen as a theoretical bound for comparison of other algorithms following greedy
approaches. Nevertheless, their result depends on the proper placement of approximation nodes.
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A more recent result can be obtained from the work by Georg Maier,
independent of the choice of approximation nodes. In his thesis, he
presents an algorithm that computes a smooth minimum arc path, i. e.,
a path consisting of circular arcs from a start point to an end point
within a given polygon as tolerance zone. As a result, the path consisting of the minimum possible number of arcs is constructed, running in O(n2 ) asymptotic runtime complexity, with n the number of
vertices given [Mai10].
Further references can be obtained from [BR69], [Aki70], [Ram72],
[DRS06], [BM99] and [CC96].
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3

M AT H E M AT I C A L A S P E C T S

In the following chapter we describe some of the basic mathematical
aspects and mathematical concepts used throughout this thesis and
required for understanding our algorithm. We start by defining the
space in which our input lies and give a short introduction to Voronoi
diagrams which are utilized throughout the computation of our approximation.
We also define and deal with basic properties of curves, as both, our
input and our output can be seen as curves in the space. One main
goal of this thesis is to present a way of generating a G2 continuous
approximation which is defined in the following chapter as well.
Finally, in this chapter we discuss basic properties of suitable G2
continuous curves to achieve an appropriate approximation. Among
these possible approximation primitives we will focus on Bézier curves
and cubic splines which are discussed later on in Chapter 6.
3.1

metric space

A metric space, e. g. R2 with the Euclidean distance, is an ordered pair
( M, d) of a non-empty set M and a function d : M × M → R which
defines a metric on M such that for any x, y, z ∈ M the following
properties hold:
1. d( x, y) ≥ 0
2. d( x, y) = 0 ⇔ x = y
3. d( x, y) = d(y, x )
4. d( x, z) ≤ d( x, y) + d(y, z)
3.1.1

Euclidean Space

Probably the best known example of such a metric space is the Euclidean space, i. e., the Euclidean plane or the three dimensional space
used in Euclidean geometry. As one of the chief contributions to
mathematics, Euclid of Alexandria defined the Euclidean geometry
based on five axioms [Mal07, 2011-10-05]. These postulates can be
used to deduct all other rules and theorems [Hea08].
Nowadays the Euclidean space is usually defined upon Cartesian
coordinates following the ideas of analytic geometry. These coordinates, although previously used by the Greek astronomer Hipparchos
and later discussed in the 14th century as latitudes and longitudes in
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the work of Oresme, were named after René Descartes for his tremendous impact in the field of analytic geometry.
Independently, Pierre de Fermat was working in the same field,
searching for the same solutions as Descartes even more systematically. He never published his research until 1679, whereas Descartes
already boasted out his discoveries in 1637 [Sti10, p. 111].
Using the Euclidean distance, the space defined upon Cartesian coordinates indeed forms a metric space. Furthermore, the definition
based upon Cartesian coordinates allows the extension of the dimension of the space up to an arbitrary n-dimensional space, Rn .
Although most of the following concepts can be extended to any
metric space with an appropriately defined distance function, we focus on R2 . This is simply a consequence of the fact that our input
points used to define the input curve are points of the Euclidean plane
and thus lie in R2 .
The Euclidean distance used throughout this thesis as distance
function in the space is the first choice as it matches the distance between two points as measured using a ruler. There might be settings
in which another metric might be a better fit to constitute a model of
the actual situation, such as the Manhattan distance induced by the L1
norm. This metric represents the shortest path a car could take in a
rectilinear grid street layout. See [Mal07, 2011-10-05] for additional
details on the taxicab plane.
The Euclidean distance (for the two-dimensional case) as described
above can be computed using the Pythagorean theorem and thus is
defined as follows:
d : R2 × R2 → R
!
!
q
y1
x1
d ( x, y) :=
−
= ( x1 − y1 )2 + ( x2 − y2 )2
x2
y2
We take a closer look at the four requirements which we demand
from a distance function between two points. It is easy to see that
the image of a distance function consists of non-negative reals only,
i. e. d( x, y) ≥ 0 can be expressed by means of the other propositions.
Consider the triangle inequality (4) for two points x, y ∈ M, starting
in x, moving to y and back to x:
d( x, x ) ≤ d( x, y) + d(y, x ) .
When we use the symmetry property (3) d( x, y) = d(y, x ), we get
d( x, x ) ≤ 2 ∗ d( x, y) .
Finally, using the identity property (2) of the metric which states that
d( x, y) = 0 if and only if x = y, we can conclude that
0 ≤ d( x, y) .
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This does not mean, the first requirement is obsolete. It is rather a
consequence of the fact that there do exist spaces which do not necessarily obey the triangle inequality whereas the other three propositions still are in place.
A prominent example of such a space is the space used in hyperbolic
geometry which
was created in the first half of the nineteenth century in
the midst of attempts to understand Euclid’s axiomatic
basis for geometry. It [...] discards one of Euclid’s axioms
[CFKP97, p. 59].
This means hyperbolic geometry replaces the fifth Euclidean postulate: The Euclidean postulates formed the foundation of the ancient
Greek’s geometry and were accepted as unquestionable truths until
the advent of non-Euclidean geometry [Kli90, p. 59], [Cox98].
In contemporary language following the paraphrase by Cannon et
al. [CFKP97, p. 60] Euclid postulated the following:
1. Each pair of points can be joined by one and only one
straight line segment.
2. Any straight line segment can be indefinitely extended in either direction.
3. There is exactly one circle of any given radius with
any given center.
4. All right angles are congruent to one another.
5. If a straight line falling on two straight lines makes
the interior angles on the same side less than two
right angles, the two straight lines, if extended indefinitely, meet on that side on which the angles are less
than two right angles .
The fifth postulate can be shown to be equivalent to the parallel postulate:
5’. Given a line and a point not on it, there is exactly one
line going through the given point that is parallel to
the given line [CFKP97, p. 60].
All efforts to express the fifth postulate by means of the other
four postulates failed [Kli90, p. 60], but led to the discovery of nonEuclidean geometry. By replacing Euclid’s fifth postulate with the
parallel postulate also known as Playfair’s axiom, we get the following differences between hyperbolic and elliptic geometry for a given
line l and a point x ∈
/ l:
• In Euclidean geometry, there is exactly one line through x that
does not intersect l,
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• in hyperbolic geometry, there are infinitely many lines through
x not intersecting l and
• in elliptic geometry, any line through x intersects l.
For more information on non-Euclidean geometry, especially on
hyperbolic geometry, please refer to [CFKP97].
For additional details on metric spaces please refer to a textbook
on metric geometry and topology, e. g., [BBI01] or [Mun99]. For details
on the thirteen books of Euclid, the Elements, refer to the translations by
Sir Thomas Little Heath [Hea08] who was an expert on the field of
Greek mathematics history. Heath’s second edition of his translation
of Euclid, published in 1926, can be seen as the standard English
version of the text [OR03, 2011-10-05]. For a German translation, see
for example [Euk03].
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3.2

voronoi diagram

The Voronoi diagram is a decomposition of a (metric) space according
to a given set of input sites. It is determined by the distance function
and assigns a region of the space to every input site such that the
distance between the points of a given region and the corresponding
input site is less than the distance of the points to any other sites with
respect to the metric defined on the space.
3.2.1 Point Voronoi Diagram
We are given a set S := { p1 , p2 , . . . , pn } of n distinct points in a metric
space. For practical reasons as described above we use the Euclidean
plane R2 . We define the Voronoi region, V R ( pi ), also known as
Voronoi cell, of a point pi ∈ S to be the union of all points of R2
whose distance to pi is shorter than the distance to any other p j ∈ S
for j 6= i.
A Voronoi polygon forms the boundary of a Voronoi region. Thus
all points of the Voronoi polygon of pi lie on a bisector of two points
pi , p j ∈ R2 with i 6= j. Such a bisector b( pi , p j ) is the set of points of
R2 that are equidistant to the defining vertices pi and p j , i. e.,

∀ x ∈ b( pi , p j ) d( x, pi ) = d( x, p j ) .
The union of all these Voronoi polygons defines the Voronoi diagram V D (S) of the set of points S [Hel10]. So this means, the Voronoi
diagram is a decomposition of space into regions which are closer to
one input point than to another with respect to a given metric, e. g.,
the Euclidean metric.

V R( pi , S) := { x ∈ R2 : ∀ j 6= i : d( pi , x ) < d( p j , x )}
V P ( pi , S) := { x ∈ R2 : d( pi , x ) = min d( p j , x )}
j 6 =i

b( pi , p j ) := { x ∈ R : d( pi , x ) = d( p j , x )}
2

V D(S) :=

[

V P ( pi )

1≤ i ≤ n

Additionally, one could describe the Voronoi cell V R ( pi , S) of a
point pi ∈ S by examining intersections of half planes. In the Euclidean space, the bisector as defined above between the given vertex
pi and a distinct second point p j ∈ S with i 6= j forms a straight
line. Along this line the Euclidean space can be divided into two half
planes. The half plane which contains p j can be defined as

HP ( pi , p j ) := x ∈ R2 : d( x, p j ) < d( x, pi ) ,
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Figure 5: Point Voronoi diagram of a set of points

which is the set of all points closer to p j than to pi . Intersecting all half
planes defined by pi and any p j ∈ S with i 6= j defines the Voronoi
cell of the point pi .

V R( pi ) :=

\



x ∈ R2 : d( x, p j ) < d( x, pi )

p j ∈S,i 6= j

The Voronoi diagram can be seen as the set of all points without the
union of all Voronoi regions.

V D(S) := R \

[

V R( p, S)

p∈S

The first worst-case optimal algorithm for computing Voronoi diagrams of sets of points in the plane was published by Shamos and
Hoey [SH75]. Figure 5 shows an example of a point Voronoi diagram
created using Vroni [Hel01]; it consists of straight line segments and
rays forming the Voronoi edges.
3.2.2 Complexity Analysis
The dual graph of the Voronoi diagram of the set of points S is the
Delaunay triangulation, named after Boris Nikolaevich Delaunay for
his work on this topic from 1934 [Del34]. This dual graph indeed
forms a triangulation of S, for a proof see, e. g., Preparata & Shamos
[PS85].
The nodes of the Delaunay triangulation, given by the points of S,
are connected if and only if the points share a common Voronoi edge.
A Delaunay triangulation is given if no circumcircle of any triangle of
the triangulation does contain any other point of S. This results in a
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Figure 6: The Delaunay triangulation of the input as the dual graph to the
point Voronoi diagram. The nodes are connected if and only if
they share a common Voronoi edge.

maximized minimal internal angle of the triangulation. A Delaunay
triangulation as the dual graph of the Voronoi diagram of the set of
points used in Figure 5 can be seen in Figure 6.
When we apply Euler’s formula V − E + F = 2 to this triangulation
of n nodes, we can conclude that the number of edges and the number
of nodes both are in O(n), with at most 3n − 6 edges and 2n − 5 nodes.
3.2.3 Generalization
The definition of a point Voronoi diagram can be generalized and
extended to cover more complex input structures called sites such as
points, straight-line segments and circular arcs.
We define S as a finite set of subsets of R2 . For two points x, y ∈ R2 ,
let d( x, y) denote the Euclidean distance between x and y. For a
subset of the Euclidean plane Q ⊂ R2 , the distance between a point
x and Q is defined as
d( x, Q) := inf d( x, y) .
y∈Q

Furthermore, for a finite set S of subsets of R2 , the distance between
a point x ∈ R2 and S is defined as
d( x, S) := min d( x, Q) .
Q∈S

The generalized Voronoi diagram is defined upon a proper input set
S of disjoint subsets of R2 . For such a proper set of input sites the
following properties are required:
• The set S consists of finitely many points, open straight line segments and circular arcs, less than a semi-circle, oriented counterclockwise.
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• Straight line segments and circular arcs do not contain their
start and end points and thus are open in the relative topology
defined by their supporting lines respectively circles.
• For every segment and arc s ∈ S the end points of s are included
in S as well [Hel11].
The generalization is done by confining the Voronoi edges of the
corresponding sites to a so-called cone of influence which is defined
differently for each type of input site. These cones of influence CI(s)
are necessary to avoid deficiencies in the resulting Voronoi diagram,
such as two-dimensional bisectors.
The cone of influence CI(s) for a circular arc c is the closure of
the cone bounded by the rays originating in the center through its
endpoints. For a straight-line segment s, the CI(s) is defined as the
strip bounded by the normals through its endpoints. Only for a point
p, the cone of influence is not restrictive, as it is the entire plane.
The topological interior of a subset Q ⊂ R2 is denoted by int(Q)
and cl (Q stands for the closure of Q. The cone of influence of a site s
is used in the following definition of the generalized Voronoi region
of s:

V R(s, S) := cl { x ∈ intCI(s) : d( x, s) ≤ d( x, S)}
The Voronoi polygon V P (s, S) is defined as the boundary of the
Voronoi cell of s and again, the Voronoi diagram is defined as the
union of all Voronoi polygons:

V P (s, S) := ∂V R(s, S)
V D(S) :=

[

V P (s, S)

s∈S

With Yap’s algorithm [Yap87], there does exist an (theoretical) algorithm which can be proven to compute the Voronoi diagram of
n points, straight line segments and circular arcs in O(n log n) time.
This algorithm, which uses the divide and conquer approach, tends
to lend itself to a tremendously large number of implementation
problems, and thus there do not exist any known implementations.
For a survey of algorithms and software for computing Voronoi diagrams of points, line segments and circular arcs in the Euclidean
plane, please be referred to [Hel11].
The implementation Vroni by Martin Held which uses random
incremental construction runs in O(n log n) expected time on n points,
straight-line segments and since the ArcVroni extension has been
added by Stefan Huber [HH08b] also on circular arcs input [Hel01].
A sample output (with additional offset curves) of the computation
of a generalized Voronoi diagram can be seen in Figure 7.
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Figure 7: Generalized Voronoi diagram of a closed polygonal chain with various offset curves

3.2.4 Offsetting
In the following section we consider Minkowski sums and differences:
The Minkowski sum A ⊕ B of two sets A and B in Euclidean space,
also called dilation of A by B, is defined as the union of the addition
of every element of A with every element of B. This special type of
additions defined on sets is also often referred to as translation of A
by B in the literature.
A ⊕ B := { a + b : a ∈ A, b ∈ B}
A sample Minkowski sum of a square and a circle can be seen in
Figure 8.
The Minkowski difference is defined as the intersection of all translations of A by −b, i. e.,
A

B :=

\

{ a − b : a ∈ A} .

b∈ B

It is clear that neither ( A B) ⊕ B = A nor ( A ⊕ B) B = A hold,
with ( A B) ⊕ B illustrated in Figure 8b. Still, one can express the
Minkowski difference using Minkowski sums as
A

B = A ⊕ −B

where the complement of A, denoted by A, is defined as { a : a ∈
/ A}
and − B denotes the set B reflected about the origin, i. e., − B := {b :
− b ∈ B }.
Minkowski sums and differences of an area A with a circular disk
Br centered at the origin are usually called offsets [RR86, p. 130].

21

mathematical aspects

4

4

3

3

A B

H A BL ÅB

A
2

2

AÅB
1

A

1

B

B
1

2

3

(a) Minkowski sum A ⊕ B

4

1

(b) ( A

2

3

4

B) ⊕ B 6= A

Figure 8: Figure 8a shows a sample Minkowski sum A ⊕ B . The dashed
circles within A ⊕ B show the translation of selected points (on
the border) of A by B . Figure 8b illustrates that even for simple
input ( A B) ⊕ B = A does not hold.

A very basic example can be seen in Figure 8. Unfortunately, offsetting does not need to preserve topology. Additionally the boundary
of an offset curve may contain circular arcs, even for purely polygonal input, as can be seen in Figure 8: the border of the offset of the
square contains circular arcs.
With a Voronoi diagram given, offsetting can be performed in O(n)
time. For a given polygon we start to construct an inner offset starting with the offset distance d = 0 and continuously increase d until
the resulting offset degenerates to a point. If we keep track of the
endpoints of the offset primitives, the set of these points forms the
Voronoi diagram [Hel98]. This process again can be seen in Figure 7
[Hel91].
Thus by intersecting offset primitives with bisectors of the appropriate Voronoi cell one can compute an offset curve in linear time
[Hel91]. Alternatively, without resorting to Voronoi diagrams, there
do exist algorithms to compute offset curves. For example, there exists a package 2d Minkowski Sums [Wei10] within the CGAL library
[cga]. For implementation details please refer to the manual [The10]
and the package description [Wei10].
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3.3

convex hull

3.3.1 Introduction
Convex hulls of points in a plane were one of the first problems studied in computational geometry. Following the introduction by Mark
de Berg et al. in their book on computational geometry [dBCvKO08],
one can visualize a convex hull of a finite set of n planar points, i. e.,
P1 , . . . , Pn ∈ R2 , when thinking of a set of nails protruding from a
wooden board. The convex hull can then be imagined as a rubber
band, running around the nails and informally speaking, connecting
the outmost points [dBCvKO08, p. 3]. Two samples of convex hulls of
sets of points can be seen in Figure 9.

(a) convex hull of 50 random points
evenly distributed in a square

(b) convex hull of 200 random points
evenly distributed in a circle

Figure 9: Two sets of points with corresponding convex hulls

3.3.2 Definition
For a precise definition of the convex hull, we first need to give a
definition of convex sets: A convex set in a vector space V is defined
as a set for which the convex combination of any two points of the
set lies within the original set [PS85, p. 18]. The convex combination
of n points x1 , . . . , xn in V is defined as
n

∑ α i x i = α1 x1 + α2 x2 + . . . + α n x n

i =1

with
n

∀i ∈ {1, 2, . . . , n} αi ≥ 0

and

∑ αi = 1

.

i =1

In the Euclidean space, this lends itself to a geometric interpretation: A set is convex, if and only if for every pair of points in the
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set, the straight line segment connecting these points is completely
contained within the set. Following this definition, it can be observed
that the complete vector space as well as the empty set are convex. It
also can be shown that the intersection of convex sets always again
yields a convex set [PS85, p. 18]. Two such sets in the Euclidean space,
one of them convex, the other one violating above property and thus
non-convex, i. e., concave, can be seen in Figure 10.

Pi

Pj

(a) convex set

Pi

Pj

(b) concave set

Figure 10: Two sets, one of them convex, one concave

If we are given a finite set S of n points in the plane, we can define
the convex hull of these points as the intersection of all convex sets
containing S . The resulting set can be seen as the minimal convex set
containing all points [dBCvKO08, p. 2]. The previous definition can
be extended easily to also cover convex hulls of infinite sets of points
in higher dimensions.
Additionally, from an algebraic view, the convex hull can also be
seen as the set of all convex combinations of S , i. e., for n ∈ N and
S = { p1 , p2 , . . . , pn }, the convex hull is defined as

CH(S) :=

n

n

n

i =1

i =1

∑ αi pi : ∀i ∈ {1, 2, . . . , n} αi ≥ 0 ∧ ∑ αi = 1

o

.

Conducting a basic induction, the latter can be shown to be a conclusion of the previously given definition.
3.3.3 Algorithms
Dating back in the early 1970s, a lot of research has been conducted
on convex hulls as one of the first problems studied in computational
geometry. There does exist profound knowledge on that topic and
many different algorithms have been proposed.
One of the first algorithms published was Graham’s scan, developed by Ronald Graham in 1972 [Gra72]. For 3d data, a divide and
conquer algorithm was developed and published in 1977 by Preparata
and Hong [PH77]. Both algorithms are in O(n log n) time complexity and thus are worst case optimal. Nevertheless, if the number of
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vertices belonging to the convex hull is very small, this runtime complexity can be improved.
The algorithm by Jarvis, known as gift wrapping algorithm, sometimes also called Jarvis march, runs in O(nh) time and thus is outputsensitive, i. e., its time complexity is determined by the number of
convex hull points found [Jar73].
In their work entitled The Ultimate Planar Convex Hull Algorithm?,
David G. Kirkpatrick and Raimund Seidel [KS86] give a divide and
conquer algorithm and prove the lower bound for the time complexity
to be Ω(n log h). As h denotes the number of convex hull points
found, this algorithm is output-sensitive as well.
In his work published in 1996, Timothy M. Chan gives an outputsensitive algorithm that runs in worst-case optimal time O(n log h),
where h again denotes the number of vertices on the convex hull. Additionally, this algorithm can be extended to run on 3d data [Cha96].
Further generalizations include the extensions of the algorithms to
higher dimensions and algorithms that accept more complex input
than simply points in a plane. Especially for simple polygons as
input, there do exist algorithms to compute the convex hull in linear
time, e. g., [MA79], [GY83] or [Mel87].
3.3.4 Applications
Convex hulls are used in a variety of applications, most notably in
intersection testing and collision detection in CAD applications or
computer animation. Further applications which are not limited to
geometric problems exist in many fields.
Many algorithms in the computational geometry rely on convex
hulls and thus many applications exist that make use of these algorithms. An example of such an application is an improvement
over the Douglas-Peucker line-simplification algorithm. This linesimplification algorithm is widely used in the field of GIS to simplify
map data. An improvement of this algorithm was proposed by Hershberger and Snoeyink that uses convex hulls [HS92][HS94].
Convex Hulls are also used frequently in pattern recognition or
image processing. In their work, Shi Pu and George Vosselman use
convex hulls of point clouds generated from terrestrial laser scanning
to extract features of buildings [PV06]. Haritaoglu et al. use convex
hulls to extract human body parts and thus human body posture
from monochromatic images [HHD98].
In the field of pattern recognition an example of an application
which does not lie within the domain of geometric problems is the
use of convex hulls for ROC analysis. Such a receiver operating characteristics (ROC) graph allows visualization, comparison and selection of classifiers, based on their performance. The ROC convex hull
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of predefined points in ROC-space can be used to interpolate optimal
classifiers [Faw06].
3.3.5 Intersection Tests
Consider two objects, P1 and P2 . If these two objects are not very
likely to collide, or if the number of intersection tests is rather high
and many different objects are frequently tested against one of them,
it comes with great advantage to first find a suitable simpler representation of the object and then test against this simplification. Ideally,
such a simplification would consist of primitives that allow numerically stable, accurate and computationally faster intersection tests, in
comparison to testing against the object itself which possibly consists
of mathematically highly sophisticated primitives and thus is not suitable for intersection testing.
Many different types of simplifications lend themselves for this purpose and, especially in the environment of computer graphics and virtual reality, many approaches to the problems of collision detection
have been discussed [HKM95]. As a very obvious choice for the simplicity of intersection tests, one could resort to axis aligned bounding
boxes and hierarchies thereof, e. g., R-trees [Gut84a] and improved
R∗ -trees [BKSS90a]. As an alternative bounding spheres (circles in
2d) or hierarchies of bounding spheres as proposed by Philip M. Hubbard [Hub96] can be implemented.
These simplifications work well for complex input data. As we develop an algorithm to approximate with as few primitives as possible,
we try to find long primitives defined only upon a few anchor nodes
but spanning the maximum number of approximation nodes. Thus,
bounding spheres or bounding boxes do not provide a good fit for
these primitives and result in many false positives, i. e., intersections
found, where there are none. The problem with these false positives
is a consequence of the fact that our approximation is restricted to the
tolerance zone. That means, for a given tolerance zone characterized
by a maximum width of δ, any bounding sphere (circle) could not
exceed the radius δ/2 and thus for a small approximation tolerance,
bounding sphere intersection tests are prone to fail.
In addition, especially for our approximation primitives, bounding boxes come with great numeric problems and a great chance to
give incorrect results and, most problematically, false negatives, i. e.,
intersections are not found due to a numeric instability. The main
problem regarding the generation of axis aligned bounding boxes
lies within the generation of stationary points. A description of this
approach can be found in [Sed11, p. 85], referred to as interval subdivision method. The algorithm starts with determining all points on the
curve, for which the tangent vectors are parallel to either the x- or the
y-axis. At this point it must be clear that the approach fails for curves
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which are almost straight lines parallel to one of the axis. But even
for simple polynomial curves without numerical or any other difficulties, finding stationary points is not a trivial task. For algorithms on
polynomial root finding please be referred to, e. g., the algorithm by
Jenkins and Traub [JT70] and its derived work.
The advantages of the interval subdivision method algorithm lie
within the fact that any further subdivision process of the axis aligned
bounding boxes can be done by simply evaluating the underlying
curve at the subdivision parameter as visualized in Figure 11. Because of the choice of the initial intervals as previously described,
the curve is always bounded by the axis aligned bounding boxes and
their subdivisions.

(a) initial intervals

(b) first iteration

(c) second iteration

Figure 11: The interval subdivision method sets up the initial intervals
based on axis aligned tangents. The further interval subdivision
is processed by evaluating the curve at the subdivision parameter.

Due to these problems we resort to convex hulls on the first hand
to gain a suitable approximation of the primitive and speed up intersection testing. If conducted properly, a negative intersection test
using the convex hull as simplification indicates that no intersection
between the corresponding objects exists. However, the converse does
not hold. It might be very likely that the convex hulls of two objects
intersect, but the objects themselves do not. In this case, one can either continue to perform an intersection test directly on the objects,
or resort to checking a more fine-grained simplification of the object,
resulting in a hierarchical system of simplifications to be checked at
each intersection test.
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3.4

curves

3.4.1 Historical Perspective
Interest in curves or curved shapes arose long before curves were
regarded as mathematical objects, as shown by various ornaments
assembling waves or spirals on prehistoric pottery or the systems of
folds in the drapery of Greek or Gothic statues [Loc61, p. ix]. It was
also for Greek geometers to first describe the curves defined by the
intersection of a plane with a cone.
Menaechmus, a Greek geometer and mathematician, is known for
discovering conic sections and using parabolas and hyperbolas to
solve the problem of doubling the cube. For a given cube with volume V, this problem basically consists of constructing a new cube
with volume 2V [BM89, p. 93]. Still, this problem cannot be solved
using pure geometric means: Stated first by Gauss, in 1837 [Wan37]
the French mathematician Pierre Wantzel was the first to come up
with a proof that the cube root of 2 (as well as the trisection of an
angle) is not constructible, i. e., it cannot be constructed with ruler
and compass [OR99, 2011-29-08].
Although Menaechmus already used analytical means to solve the
problem of doubling the cube, Greek mathematicians still could not
be considered the first analytical geometers, as their main goal was to
extract algebraic information as a by-product from an existing curve
based on geometric primitives rather than defining a curve by algebraic equations [Sti10, p. 110].
Another well-known example of a set of curves discovered by ancient Greeks are the spirals of Archimedes, named after Archimedes
of Syracuse who can be seen as one of the leading mathematicians of
that era and of all antiquity [BM89, p. 120]. As many pre-Hellenic
cultures, such as the Egyptians or Babylonians, lacked the concept of
angle measure, we first find a systematic study of angles (and arcs)
with the Greeks. Although Euclid does not describe trigonometry
directly, there are theorems equivalent to some of the trigonometric
laws, such as for example the law of cosines.
This Archimedean spiral provides a solution to the problem of trisecting an angle. It is a curve defined by a point moving uniformly
along a ray, starting in the origin, while the ray itself uniformly rotates about its end point [BM89, p. 126].
An example of such a trisection can be seen in Figure 13. In order
to trisect the angle defined by the two rays both starting in the origin
O through points A and B we start by trisecting the line segment
between the origin and the first intersection of the ray defined by B
with the Archimedean spiral. These points are denoted C and D and
the lengths of OC, CD and DB are the same. The intersection of the
Archimedean spiral with the origin-centered circle through point C is
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Figure 12: Archimedean spiral

called C 0 . It can be shown that the ray starting in the origin O through
C 0 is one third of the angle defined by the two original rays [BM89, p.
126].
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Figure 13: Trisecting an angle

Under the rulership of Ptolemy I an institute known as the Museum was established in Alexandria. Euclid, also known as Euclid of
Alexandria, was called to teach mathematics and there he wrote one
of the most successful textbooks – the Elements. Historically, what we
now denote a curve was called a line. In his Elements, Euclid distinguished between straight lines and curved lines, which still can be
seen in use when talking of straight line segments [Hea08].
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Throughout history many prominent examples of curves have been
examined. So for example in early Roman times, splines had been
used to build ships. The idea was to reuse templates for bending the
ships’ planks, allowing easy recreation based on a stored basic vessel
geometry. From the 13th to 16th century, Venetians perfected this
technique which also became popular in England around 1600 when
the wooden beam used to draw curves, the classical spline, probably
was invented [Now06, p. 8] [FHK02, p. 2] [Far02, 2011-08-30].
The mathematics that had been developed to solve historical problems had permanence and significance that far exceeded the original
problems [PS85, p. 1].
[...] Geometry is at the heart of mathematical thinking. It
is a field in which intuition abounds and new discoveries
are within the compass (so to speak) of nonspecialists.
Although many Greek geometers studied curves to solve geometrical problems that previously could not be solved with compass and
straight edge constructions, it was for analytic geometry in the seventeenth century to further advance the theory of curves. The centerpiece of this new invention was the ability to describe curves based
on mathematical equations rather than on mechanical or theoretic
constructions or primitives.
Kepler tried a variety of curves before using elliptic curves as the
best fit for the planetary orbits [Loc61, p. ix]. Again it was for analytical geometry that a precise distinction between algebraic and transcendental curves could be made.
In the first half of the seventeenth century the mathematicians Fermat and Descartes both realized that many geometric problems could
not only be translated and routinely solved by algebraic operations,
but also curves of higher degree such as cubic or quartic curves could
be described by equations [Sti10, p. 110].
3.4.2 Definitions of Curves
When talking about curves as mathematical objects, we have to deal
with different representations of the same curve. A curve can be seen
as the path of a particle moving in a vector space, e. g., Rn , most
commonly the Euclidean plane R2 or Euclidean space R3 . So for an
analytic representation we need to map a parameter (e. g., the time) to
the current position of the particle in the space. A parametric representation of such a curve can be defined as a vector-valued function
γ : I → Rn .
The domain I is a non-empty interval over R, e. g., I = [ a, b] with
a, b ∈ R and the image of γ is a subset of Rn . Although there are no
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restrictions on the choice of a and b, usually the interval I is normalized to [0, 1] [PT97, p. 1].
Such a vector-valued function can be decomposed into coordinate
functions and thus the function can be seen as

γ(t) = γ1 (t), γ2 (t), . . . , γi (t)
with
γi : I → R

∀i ∈ {1, 2, . . . , n} .

If the curve is defined by a purely polynomial function, we use the
degree of the curve, deg(γ), to describe the degree of the polynomial
function. Additionally, sometimes the non-standard term order of the
curve is used. The order of a curve usually coincides with the number
of control vertices or similar control structures used to define the
curve and usually can be set to deg (γ) + 1.
For a closed interval [ a, b] the start point is given by γ( a) and γ(b)
denotes the end point of the curve γ; in the special case that γ( a) =
γ(b), we call γ closed. An additional property of such parametric
curves is the class of differentiability, in short the class of the curve: If
γ is r times continuously differentiable, we speak of a curve of class
Cr and if in addition ∀i ≤ r γ(i) ( a) = γ(i) (b), i. e., the first r derivatives
are identical, the curve is a closed Cr -curve. Sometimes the additional
term of parametric continuity can be found in the literature [PM02, p.
17].
Furthermore, a curve is called regular, if ∀t ∈ I γ0 (t) 6= 0, i. e., the
curve consists only of regular points, for which the derivative is not
equal to 0. Points on the curve, for which all derivatives of coordinate
functions γi0 (t) vanish, are called singular [Str88, p. 3].
Therefore, for a curve in analytic representation in R3 , the coordinates of the point P at parameter t, P = ( x, y, z) = γ(t), can be
expressed by three functions [Str88, p. 1]
x = γ1 (t),

y = γ2 (t),

z = γ3 (t) .

The image of the parametric curve is defined as the set of points
γ( I ) ⊂ V, the real value t ∈ I is called parameter of the curve and
γ(t) is a position vector of a point on the curve. It is important to
distinguish between the curve and its image: it is possible to find
different parametric representations of curves with the same image.
Based on the idea that different parametrizations of a curve can
have the same image, we define an equivalence relation on parametric
curves: We call γ1 and γ2 equivalent, if a strictly increasing bijective
function φ : I1 → I2 exists, such that
γ2 (φ(t)) = γ1 (t)

∀t ∈ I1 .

As such a strictly increasing bijective function is required to be
continuous, the parametric curves γ1 and γ2 have the same image
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(a) The curve γ1 (t) defined
 as

γ1 (t) =

1.0

cos 2π t
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(b) The curve γ2 (t) defined
 as

γ2 (t) =

cos 2π t

− sin 2π t

Figure 14: The parametric curves γ1 (t) and γ2 (t) have the same image for
parametric domain I = [0, 1], but are not equivalent to each other.
Above, the curves are both plotted for parameters t ∈ [0, 0.9].

and, furthermore, the parametric curve γ2 can be seen as a so-called
re-parametrization of γ1 .
A curve, sometimes denoted as γ̃, is defined as an equivalence class
under the above equivalence relation [Lin08, p. 147]. As φ is required
to be strictly increasing, γ1 (Figure 14a) and γ2 (Figure 14b) in above
example are representatives of different curves in terms of the definition of equivalence classes. So for the interval [0, 1] as parametric
space, these two parametric curves γ1 and γ2 are not representatives
of the same curve but they do have the same image, a unit circle. Note
that for a strictly increasing φ regular points on the curve remain regular [Str88, p. 4].
It can be observed that in the literature the distinction between
the terms for curves, parametric curves or geometric curves tends to be
ambiguous. Whereas we define curves based on (equivalent) maps
from a parametric domain into space, the concept of geometric curves
handles lines in the plane as a subset of the space which can locally
be reshaped into a straight line at any point. This means, a geometric curve can be called a one-dimensional submanifold of the space.
The connection between those two different definitions of curves can
easily be made via the image of the parametric curve: The image of
the curve is (at least locally) a geometric curve, whereas a geometric curve can be parametrized by arc length [Ber03, p. 12f]. For an
in-depth discussion of these properties, see Chapter 8 of [BG88].
So this means other ways of defining (geometric) curves do exist:
Beside the previously defined parametric definition the implicit definition is one of the most common forms. Such an implicit definition
can be seen as an equation or a system of equations describing the re-
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lationship between the coordinates of points belonging to the image
of a curve [PT97, p. 1]. As an example, take the following (abstract)
curve in three dimensional space [Str88, p. 4]:
F1 ( x, y, z) = 0,

F2 ( x, y, z) = 0 .

Also, using the well-known equation for the circle x2 + y2 = r2 , we
can describe the parametric equation for the unit circle (Figure 14) in
an implicit way (Figure 15):
F ( x, y) = x2 + y2 − 1 = 0
1.0

0.5

r=

- 1.0

- 0.5

1

0.5

1.0

- 0.5

- 1.0

Figure 15: Implicit Definition of γ: F ( x, y) = x2 + y2 − 1 = 0

This implicit definition of a curve shows that it is not only possible
to define the curve based on a function with a parameter space (onedimensional, e. g., I = [0, 1] for a curve) as a domain but also as the
zero locus of one function or a set of functions which assembles the
set of points for which the function value is equal to zero [Gal99, p.
63]:
γ̃ =

d\
−1

Fi−1 (0) = { x ∈ V : Fi ( x ) = 0 ∀i = 1, 2, . . . , d − 1}

i =1

In the above example (Figure 15), the point P

√

3 1
2 ,2



is indeed a

point of the curve γ as for Px , Py the equation F ( Px , Py ) = 0 holds:
√ !2  2
3
1
3 1
−1 = + −1 = 0 .
+
2
2
4 4
Of course it could also be possible that the resulting set for γ̃ equals
the empty set. As expanding our curves to complex numbers does
not really help, especially when in need of visualizations, we have to
rule out such exceptions, which can cause serious problems. As we
only deal with curves, not surfaces or objects of higher degree, it is
also necessary to have a set of n − 1 equations to define a curve in Rn
[Gal99, p. 67f].
Throughout this thesis, we will focus on parametric representations
of curves. To describe the following basic properties, we will consider
γ̃ a curve with parametric representation γ : I = [ a, b] → Rn .
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3.4.3 Basic Properties of Curves
Many of the basic properties of curves were first discovered in the
seventeenth century: In his publication La Géométrie from 1637, René
Descartes presented examples of his work as well as showed off with
the benefits his new method came with. One of the greatest advantages of the newly discovered analytic geometry was the connection
between algebra and geometry which eventually made it possible to
handle geometric problems algebraically [DM06, p. lxiii]:
Descartes’s mathematics is presented in a more elegant,
flexible, and developable notation than used by previous
generations, with a more successful use of diagrams, and
a broader range of expressions, including those for negative and imaginary numbers and variables.
So with any curve being representable as equation of two variables,
Descartes defined a class of geometric curves for which all points
must have a relation to the points of a straight line expressable by
a single equation. He additionally distinguished between geometric
and mechanic curves. Whereas the geometric curves basically represent the Euclidean rule and compass constructions and intersections
of these, Descartes regarded mechanic curves as of no concern to the
true geometer [Jes07, p. 419].
La Géométrie was written to boast about his discoveries,
not to explain them. There is little systematic development, and proofs are frequently omitted [...] [Sti10, p.
111].
Discartes’s conceit is so great that it is a pleasure to see
him come a cropper occasionally [...] [Sti10, p. 112].
One of these croppers is related to the length of curves. Descartes
thought this length not to be computable:
[...] geometry should not include lines that are like strings,
in that they are sometimes straight and sometimes curved,
since the ratios between straight and curved lines are not
known, and I believe cannot be discovered by human minds,
and therefore no conclusion based upon such ratios can be
accepted as rigorous and exact [DSL25, p. 91].
To give an exact definition of the length of curves, we first define a
decomposition of the interval I to be the n-tuple of reals x1 , x2 , . . . , xn
such that a = x0 < x1 < x2 < . . . < xn = b for a natural number n ∈ N. A given curve γ can be approximated by connecting a
finite number of n points, given by γ( x1 ), γ( x2 ), . . . , γ( xn ) lying on
the curve. For this approximation, which is a polygonal chain and
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consists only of straight line segments, the actual length can be easily
found. Following the basic rules in metric spaces (and using the triangle inequality), the length of such an approximation cannot decrease
when adding additional points between existing ones.
Using this property, we can conclude that the length of a curve
is the supremum over all decompositions of I of the length of the
polygonal chain defined by the points on the curve given by the decompositions’ values as parameters [Ber03, p. 4]. If an upper bound L
on all polygonal approximations (over all possible decompositions of
the parameter space) exists, the curve is called rectifiable with length
L.
It is important to note that this definition is invariant of the actual parametrization used: If we consider two parametrizations γ1 (t)
and γ2 (u) of the same curve γ̃, following the definition there exists a
strictly increasing bijective function φ(t) which maps one parameter
to the other. Thus, we only have to apply the inverse function φ−1
on the decomposition of the parameter space to get for γ2 exactly the
same polygonal chain approximation as for γ1 . The inverse function
φ−1 exists (by definition) and, furthermore, must be strictly increasing.
So for a given curve γ̃ with parametric representation γ(t) : [ a, b] →
V and a decomposition P = { a = x0 < x1 < x2 < . . . < xn = b},
the length of the polygonal approximation with respect to P and the
metric defined on V is defined as
n −1

l (P ) =

∑d

γ ( x i −1 ), γ ( x i )



i =1

and thus the length L of γ̃ is defined as [WZ77, p. 21]
L = L(γ̃) = sup l (P ) .
P

For a given decomposition P of [ a, b], we define a so-called refinement to be a decomposition Q of [ a, b] which contains at least all of
the points already contained in P and possibly some more. The norm
of a decomposition can be defined as the maximum distance between
two consecutive points of that partition:

kP k =

max

i =1,2,...,n−1

x i +1 − x i

We call curves that have the same length isometric with an isometry
mapping one curve onto another preserving the curve’s length [Ber03,
p. 11]. An important observation is that all curves are isometric to an
interval of the same length on the one-dimensional Euclidean space,
the line R1 .
It is quite important that there do exist functions that are nonrectifiable, i. e., curves that do not have an upper bound on the length
of their polygonal approximations: Informally speaking, these curves
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have infinite length. An example of such a curve is the curve defined
as the graph of the function f ( x ) = x sin 1x on the interval (0, 1]. Another prominent example of such a curve is the Koch snowflake curve:
The length of the curve increases with every iteration by one third of
the original length regardless of the number of the iteration step.

Figure 16: Koch snowflake curve, iterations 1 to 5

Using the above definition, it can be shown that
L(γ̃) = lim l (P )
kP k→0

holds for a rectifiable curve.
Given a curve γ(t) : [ a, b] → Rn , it can be shown [WZ77, p. 22] that
γ̃ is rectifiable if and only if all coordinate functions are of bounded
variation, i. e., the total variation V of the real-valued functions γi
defined as
n −1

V (γi ) = sup
P

∑ |γi (xi+1 ) − γi (xi )|

i =1

with respect to the previously defined decomposition is a finite value.
As a result of this statement, one can show that the length of the
curve is bounded by the sum of the total variations of its coordinate
functions.
Following the idea of Riemann integrals, it can be seen that this
total variation on the interval [ a, b] of a continuous and differentiable
function φ simplifies to
V (φ) =

Z b
a

φ0 ( x ) dx .

Consider a curve γ̃ with regular parametric representation γ(t)
with parametric domain [ a, b] of class Cr , r ≥ 1. The vector γ0 (t)
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is the tangent vector at parameter t based in the point with position
vector γ(t). The length of the curve can be expressed by means of the
integral [Str88, p. 5] [NF90, p. 3] [Ber03, p. 11]
L(γ̃) =

Z b
a

γ0 ( x ) dx

which can be seen as the integral over the speed, i. e., the length of
the tangent vector [Lin08, p. 149]. Of course this integral can be
used to denote the arc length function Lγ̃ (b) using the upper bound
as parameter which gives the length of the curve up to an arbitrary
parameter b [Rau08, p. 59]. The length of the tangent vector γ0 (t) can
be computed as the square root of the dot product, i. e.,
q
γ0 (t) = γ0 (t) · γ0 (t) .
Again it is an important observation that the length of the curve in the
definition stated above is independent of the choice of the underlying
parametrization [NF90, p. 7].
This lends itself to the definition of a unit tangent vector T (t), the
vector pointing in the same direction as γ0 (t) but at length 1.
T (t) =

γ0 (t)
.
kγ0 (t)k

If for any parameter the tangent vector is a unit vector, i. e.,

∀t ∈ [ a, b] :

γ0 (t) = 1 ,

this special form of a parametrization is the arclength parametrization
and γ is at unit speed. Clearly an arclength parametrization is of great
advantage from a formal point of view, as many proofs and theorems
can be simplified in terms of arc length. Nevertheless, this would
require finding a solution of the arc length integral which tends to be
not only difficult in the general case but sometimes even impossible
[Rau08, p. 60].
Formally, the arc length parametrization property can be written
using a parameter s and the arc length function Lγ̃ (s) as

∀s ∈ [ a, b] : s = Lγ̃ (s) =

Z s
a

γ0 (t) dt .

Geometric continuity
We previously defined the class Cr of a curve γ(t) which describes
the differentiability of the curve, i. e., γ is of class Cr , if it is r times
continuously differentiable.
Another important property of curves that we use throughout this
thesis is the geometric continuity of a curve γ(t). This term is closely
related to the class Cr . In contrast to the previously defined class of
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differentiability, depicted as Cr , we characterize the class of geometric
continuity as Gr .
A curve is of class G0 , if at any parameter t0 the left and the right
limit points of the curve are identical. For a curve consisting of a
set of segments, it follows that any two consecutive curve segments
touch at a common join point. Similarly, a curve of class G0 is also of
class G1 , if at any parameter the limit points of the curve’s tangents
point in the same direction. At this point, the difference between the
class C1 and Gr becomes obvious: For a C1 -curve at any parameter t0
the limit points of the left and the right tangents have to be identical,
as the curve is differentiable. In contrast, for a G1 -curve only the
directions have to be the same, but the tangents may have different
lengths.
This leads to the following generalization: A curve of class Gr−1 is
also of class Gr , if for any parameter t0 the normalized r-th derivative
of the curve is continuous, i. e., for an appropriate λ ∈ R
lim γ(r) (t) = λ lim γ(r) (t) .

t→t0−

t→t0+

Concludingly, a curve γ(t) is of class G2 , if at any parameter t0 the
left and the right limit points are identical, the left and right tangents
point into the same direction and the left and the right segments share
a common center of curvature:
lim γ(t) = lim γ(t)

t→t0−

t→t0+

∃λ1 ∈ R : lim− γ0 (t) = λ1 lim+ γ0 (t)
t → t0

t → t0

00

∃λ2 ∈ R : lim− γ (t) = λ2 lim+ γ00 (t)
t → t0

t → t0

From this definition can be derived that any curve of parametric
continuity up to class Gr can be reparametrized to be of class Cr
[BD89].
Beyond mathematical aspects, G2 continuity is important for aesthetic reasons [PM02, p. 16]. Especially in automotive design, the use
of visually pleasing shapes and curves is subject to additional aerodynamic constraints and one major goal is to create both, functional
and aesthetic surface design. For the creation of functional surfaces,
a major problem lies within fluid dynamics. (For example flow separation, see [LH08], can be reduced by using primitives of class G2
[PM02, p. 16].) For the latter case, methods for surface quality assessment have been proposed in the literature, e. g., the Highlight-line
algorithm [BC94].
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TOLERANCE ZONE

The tolerance zone can be seen as a region around the input, in which
it is safe for the approximation to reside. In the following section we
start with giving a basic definition of such a tolerance zone of the
input. Our definition is based on definitions postulated in the literature and extended to be suitable for more complex input curves. We
focus especially on multiply-connected open polygonal chains and
polygons.
Based on our definitions we give an algorithm to compute the
boundary of such a tolerance zone. The algorithm takes account
of traditional offsetting but also incorporates the pseudo offsets as described in [HH08a]. The resulting boundary is sampled and approximated using straight line segments which lend themselves for fast
intersection tests especially with more sophisticated approximation
primitives. For more details on these intersection tests for splines
and Bézier-curves, see Chapter 6.
4.1

definition

In their work [HH08a], Heimlich and Held define a signed distance
ds (P , x ) between the input P and a given point x depending on interior/exterior properties and the nesting level of polygons as follows:



if x ∈ int(P ) and nl (P ) is even, or
d(P , x )






if x ∈ ext(P ) and nl (P ) is odd,


ds (P , x ) := 0
if x ∈ P ,





−d(P , x ) if x ∈ ext(P ) and nl (P ) is even, or






if x ∈ int(P ) and nl (P ) is odd,
This definition of the signed distance is used to define the tolerance
zone as the set of points x, such that the signed distance lies in the
interval of the given maximum left and right tolerance dl and dr :

T Z (P , dl , dr ) := { x ∈ R2 : dr ≤ ds (P , x ) ≤ dl }
Clearly, this approach does not extend to open polygonal chains as
it uses the interior/exterior and nesting levels of polygons which do
not exist for open polygonal chains. Thus we have to redefine the
signed distance and the tolerance zone to take these polygonal chains
as input into account:
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Consider a set P of m open or closed simple polygonal chains
p1 , p2 , . . . , pm that are pairwise disjoint. Let V D(P ) denote the Voronoi diagram of P , P ∈ P a simple polygonal chain and n the number
of vertices P1 , P2 , . . . , Pn of P. The straight line segment between two
consecutive vertices Pi , Pi+1 ∈ P is denoted by Pi Pi+1 .
The Voronoi cell of an input site s has been defined in Section 3.2.
We use the Voronoi diagram to give a definition of a tolerance zone
that is constructed by joining subsets of Voronoi cells. For each input
element we use the intersection of the element’s tolerance zone defined as follows with the element’s Voronoi cell. The tolerance zone
is defined as the union of all these individual tolerance zones.
Straight Line Segments
To give a definition of the input elements’
tolerance zones, we first

define the signed distance ds AB, C between a straight line defined
by the points A, B ∈ R2 and a point C ∈ R2 as

det ( A, B, C )
.
ds AB, C =
k B − Ak
In this notation, det ( A, B, C ) denotes the determinant of the matrix
defined by the homogeneous coordinates of the points A, B and C,
i. e.


A Bx Cx
 x


det ( A, B, C ) = det  Ay By Cy 
 .
1

1

1

In literature, sometimes the transposed matrix is used, as the computation of the determinant is invariant under transposition of the
matrix. The determinant of such a 3 × 3 matrix can be computed
using Sarrus’ rule. Referring to the above definition, this yields the
expression
det ( A, B, C ) = A x By + Bx Cy + Cx Ay − A x Cy − Bx Ay − Cx By
Basically, the determinant returns twice the signed area of the triangle defined by the points A, B and C. Alternatively, this can be seen
as the signed area of the parallelogram defined by the four vertices A,
B, C and D = B + C − A. For such a signed area, the absolute value
determines twice the triangle’s area, whereas the sign determines its
orientation, i. e. the position of the third point with respect to the
straight line defined by the other two points: A positive or negative
sign indicates whether the point lies left or right of the line whereas
a zero value indicates that the point lies exactly on the line. Thus
we can conclude that the resulting absolute value indeed gives the
distance between the straight line and the point. For details refer to a
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textbook on linear algebra or on mathematics for computer graphics,
e. g. [Mor99] or [Vin10].
This signed distance between a point and a straight line is used
to describe the tolerance zone T Z line AB, dl , dr of the straight line
segment AB:


T Z line AB, dl , dr = { x ∈ R2 : dr < ds AB, x < dl }.
The intersection
denoted by
 of the straight line’s tolerance zone,

T Z line AB, dl , dr , with the Voronoi cell V R AB, P of the straight
line segment AB with respect to the Voronoi diagram of the input P
gives the straight line segment’s tolerance zone. Thus, for a segment
s ∈ P , the tolerance zone is defined as

T Z seg (s, dl , dr ) := T Z line (s, dl , dr ) ∩ V R(s, P ) .
It can easily be seen that this definition allows the use of onesided tolerance zones, i. e. tolerances dl and dr , such that sign(dl ) =
sign(dr ), where the whole tolerance zone is located on one side of the
input with respect to the input’s orientation.

Figure 17: The tolerance zone of a straight line segment

Points with Two-Sided Tolerances
In addition to the tolerance zones of the line segments we also need
to examine the tolerance zones of the input vertices Pi . These tolerance zones are defined differently, depending on the approximation
tolerance type. For open polygonal chains we take only inner vertices
into account, i. e., those vertices that are neither the start nor the end
vertex of the polygonal chain and thus omit the caps around the start
and end vertices that can be seen when computing traditional offset
curves.
If the input lies within the tolerance zone and thus we do not have
a one-sided tolerance zone, we distinguish between the vertices Pi ,
for which the triangle 4 Pi−1 , Pi , Pi+1 is oriented clockwise and those
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vertices Pi , for which the same triangle is oriented counter-clockwise.
Note that we rule out degeneracies for our input and thus expect the
determinant used to compute the orientation never to return zero.
For clockwise orientation, we use the circle centered in Pi with radius |dl |, for counter-clockwise orientation we use the same circle but
with radius |dr | and thus by defining di as giving the appropriate
tolerance for Pi we get

|d | , if triangle at P is oriented CW
i
l
di ( d l , dr ) : =

|dr | , if triangle at Pi is oriented CCW

T Z point ( Pi , dl , dr ) := { x ∈ V R( Pi , P ) : d( x, Pi ) < di (dl , dr )}

Points with One-Sided Tolerances
For one-sided tolerance zones, we define the lower tolerance dmin and
the upper tolerance dmax to give the following definition of the set of
points that belong to the ring sector around the given vertex Pi :
dmin := min |dl | , |dr |



dmax := max |dl | , |dr |



T Z point ( Pi , dl , dr ) := { x ∈ V R( Pi , P ) : dmin < d( x, Pi ) < dmax }

(a) Tolerance zone of a vertex

(b) One-sided tolerance zone of a
vertex

Figure 18: Regular (Figure 18a) and one-sided (Figure 18b) tolerance zones
of a vertex. The resulting tolerance zone is the union of the intersection of the tolerance zones of the individual input elements
with the corresponding Voronoi cells.

Resulting Tolerance Zone
Finally, we conclude that the tolerance zone of the polygonal input
chains P is the union of all intersections of the individual tolerance

42

4.1 definition

zones of line segments s and points p with the Voronoi cells of the
corresponding sites. The tolerance zone primitives as described above
are visualized in Figure 17 and Figure 18.
For segments s and points p contained in the input, the union of
the elements’ tolerance zone primitives yields the tolerance zone of
the input curve:

T Z (P , dl , dr ) :=

[
s∈P

T Z seg (s, dl , dr ) ∪

[

T Z point ( p, dl , dr )

p∈P

It must be observed that this definition covers the interior of the
tolerance zone, but not the closure. The algorithm described in the
following section computes the boundary of the tolerance zone as
defined, which can be used to check the candidate approximation
primitives for intersections. Thus, we clearly demand the tolerance
zone to only consist of the interior and do not allow primitives that
touch the tolerance zone boundary, as we would discard those primitives that touch the tolerance zone boundary because they form a
(degenerate) intersection with the boundary.
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4.2

tolerance zone boundary computation

We implemented an algorithm that computes the border of the tolerance zone of a polygonal chain or a polygon. The algorithm runs
in three stages and returns a list of vertices that define the tolerance
zone, starting in the first and ending in the last vertex of the input.
The algorithm requires the Voronoi diagram of the input. Although
the algorithm runs on one particular polygon or polygonal chain, the
Voronoi diagram computation is required to be carried out on the
entire multiply-connected input.
As a preprocessing, we use Vroni by Martin Held [Hel01] to compute the Voronoi diagram of the input. The resulting graph returned
by Vroni consists of nodes and edges. The clearance disk of a point
p in the Voronoi diagram is the largest disk centered at p such that
no site is contained within its interior. The edges, which are in the
general case portions of conic curves, are parametrized by the clearance radius, i. e., evaluation of an edge at a given parameter t returns
the center of the clearance disk with the specified radius t. In the resulting data structures, parabolic arcs are split at their apex such that
as an guaranteed property the parameter is always strictly increasing
or decreasing when traversing an edge.
4.2.1 Collect Nodes of Voronoi Cells
In the first step we add all nodes of Voronoi cells adjacent to the
current polygon or polygonal chain P to a list. We start in the first
input vertex and the corresponding Voronoi cell and run along the
Voronoi edges in the appropriate direction, adding one node after
another until we return to a node located directly on the input. Such
nodes can be identified by their parameters, as nodes located directly
on the input have a node parameter equal to zero. We continue this
procedure with the next Voronoi cell until we reach the last vertex of
the input chain.
The resulting list forms a path given by consecutive nodes over the
Voronoi diagram starting in the first and ending in the last vertex
of the input. Clearly, every pair of consecutive nodes in this list is
connected by a Voronoi edge.
For the algorithm given in Algorithm 1, we need the set of curve
vertices as input. Additionally, we require that the side of the tolerance zone boundary is given, i. e., we need to know whether we compute a left or right boundary. Furthermore, we assume that when
traversing a Voronoi polygon, every Voronoi edge is oriented with
respect to its start and end nodes according to the current traversal.
Thus, a traversal of a Voronoi cell of a straight line segment AB starting with an edge incident in A will traverse an edge ending in B
followed by an edge starting in B and then end with an edge with
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end node incident in A. Note that this does not reflect the edge
orientation as given by Vroni, but the particular orientation can be
extracted from the context.
Algorithm 1: Collect nodes
input : list of vertices p
output : list of nodes
edge ← getVoronoiDiagramEdge( p0 p1 ) ;
// use Vroni
repeat
edge ← next edge in Voronoi cell of p0 p1 ;
until edge starts in p0 and edge points into the given direction;
for i ← 1 to length( p) do
repeat
add start node of edge to output;
edge ← next edge in Voronoi cell of pi−1 pi ;
until edge ends in pi ;
reverse orientation of e;
if pi has tolerance zone on given side and i < length(p) − 1
then
repeat
add start node of edge to output;
edge ← next edge in Voronoi cell of pi ;
until edge ends in pi ;
reverse orientation of e;

4.2.2 Skip Nodes outside Tolerance Zone
In the next step, we make use of the parameters of the nodes in the
list to skip all those nodes that leave the conventional offset d, defined
as either |dl | or |dr | depending on the current computation. We run
through the list, until we find a pair of consecutive nodes ni , ni+1
with parameters p(ni ) < d < p(ni+1 ). We can conclude that between
nodes ni and ni+1 the path formed by the list of nodes leaves the
tolerance zone.
As the node ni lies within the tolerance zone and ni+1 lies outside
and, furthermore, every two consecutive nodes in the list are connected by a Voronoi edge, we use Vroni to compute the exact center
p of the clearance disk with radius d on the Voronoi edge between ni
and ni+1 . The evaluation of the bisector at a given parameter is handled by Vroni and can be carried out in O(1). The resulting point p
lies exactly on the border of the tolerance zone and is inserted into
the list between nodes ni and ni+1 . We can conclude that the following nodes starting with the former node ni+1 lie outside the tolerance
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Figure 19: The list after Algorithm 1: All nodes of Voronoi cells on one side
of the input get lined up in a list.

zone. Thus, we raise a boolean flag outside to indicate that we are
currently outside of the tolerance zone.
We move on and remove all following nodes from the list, until we
find a pair of consecutive nodes n j and n ji+1 for which the parameters
p(n j ) > d and p(n j+1 ) < d. Again, we evaluate the Voronoi edge
data and compute the position of the point that lies exactly on the
border of the tolerance zone. The point is inserted into the list and as
the nodes following n j+1 are contained within the tolerance zone, we
drop the boolean flag outside to indicate that we have returned and
do not remove the following nodes from the list.
We continue this procedure, until we reach the end of the list. For
the resulting list of nodes d(n, P) ≤ d holds for any node n in the list.
Note that in Algorithm 2 the nodes added to the list in lines marked
1 and 2 do not necessarily coincide with a node of the Voronoi diagram, but rather lie on the edge defined by the previous and the
current node in the list.
4.2.3 Removing Trees
In the previous step, we have used the parameters of the Voronoi
nodes to remove all nodes of Voronoi cells that leave the tolerance
zone of the polygon chain. The result is the border of the tolerance
zone with additional Voronoi edges attached within. In the third step,
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Algorithm 2: Skip nodes
input : list of nodes, tolerance d
output : filtered list of nodes

1

2

outside ← false;
for ν ∈ input do
p ← getNodeParameter(ν) ;
// use Vroni
if outside then
if p < d then
// returning into tolerance zone
outside ← false;
insert(node with parameter d);
else
erase(ν);
else
if p > d then
// leaving the tolerance zone
outside ← true;
insert(node with parameter d);
erase(ν);

we clean out all those nodes that do not define the boundary. These
structures attached to the border form trees, so we can iterate over
the list and remove all leaves as we pass by, ultimately removing the
entire trees.
In the list, leaves are stored as triples (ni , ni+1 , ni+2 ) of nodes for
which ni = ni+2 , i. e., the first and the third node have the same
position. Thus, we scan for such constellations of consecutive nodes
and remove them from the list. If our current set of three nodes does
not allow any deletion, we move on.
Algorithm 3: Remove trees
input : list of nodes
output : final list of boundary nodes
for i ← 1 to length(input)−2 do
if nodei−1 = nodei then
// remove coinciding nodes
erase(nodei );
i ← i − 1;
if nodei−1 = nodei+1 then
erase(nodei );
i ← i − 1;

// remove leaves
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Figure 20: The list after Algorithm 2: The path skips those nodes that exceed
the maximum distance to the input.

Figure 21: The list after Algorithm 3: Additional Voronoi edges within the
tolerance zone have been removed. The one-sided tolerance zone
is marked as the colored area, with (sampled) circular arcs added
where needed.
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(a) Algorithm 1: Collecting all Voronoi nodes

(b) Algorithm 2: Restricting to conventional offsets.

(c) Algorithm 3: Removing remaining trees.

Figure 22: This second example shows the construction of the tolerance
zone’s left boundary with the additional spikes as described in
Section 2.2 added in Figure 22c.
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4.3

complexity analysis

The algorithm described in the previous section requires the computation of the Voronoi diagram as preprocessing which is in O(n log n)
time and O(n) space. Apart from the preprocessing costs to compute and store the Voronoi diagram, the algorithm for computing the
tolerance zone border is in linear time and space.
This can be seen easily, as in the first step we build a list consisting
of nodes of the Voronoi diagram. As we build this list, we pass any
Voronoi edge twice at most. As the number of Voronoi edges is linear
in the number of input sites, we conclude that linear time and space
for building and storing this list is not exceeded. So the first step is in
O(n). In the second step, we iterate once through the list and remove
some nodes, which again is in O(n).
Finally, in the last step we remove the trees attached to the expected
result. We iterate through the list and can possibly perform delete
operations at every step. The maximum overall number of delete
operations is bounded by n − 2 and the iteration itself is again an
iteration over a list containing a linear number of elements. So this
step is as well in O(n).
Therefore, under the assumption of a given Voronoi diagram, we
conclude that our algorithm is in linear time and space.
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One of the fundamental ideas in the approach by Held and Eibl
[HE05], and thus also in the work by Heimlich and Held [HH08a],
is the computation of so-called approximation nodes, abbreviated to anodes. These a-nodes lie, speaking informally, in the center of the
tolerance zone and are used to find approximation primitives defined
upon them. So one of the intrinsics of the algorithms by Held, Eibl,
Heimlich, as well as our algorithm is to find approximations that are
defined using only these a-nodes.
In the process of finding the approximation, we subsequently try
to fit in and add up the longest possible approximation primitives,
speaking of longest in terms of passing the maximum number of approximation nodes. So of course finding proper a-nodes is both a nontrivial as well as a fundamental task. For his work, Heimlich has proposed two different ways of computing a list of approximation nodes,
one is based on the work by Eibl and the second utilizes Voronoi
diagrams computed by Vroni.
For the T-part approach as proposed by Held and Eibl [HE05], anodes are added for every input vertex on those edges of T-part primitives that are incident to the vertex. The distance of the a-node to the
vertex is computed as the arithmetic mean of the T-parts’ heights on
the left and on the right side. As a result, for any input vertex, exactly
one or three a-nodes are generated. Additionally, tangent vectors are
added to the a-nodes. These tangent vectors are perpendicular to the
edge which the a-node lies on and point in the same direction as the
input.
Additionally, Held and Eibl propose a smoothing in combination
with a sampling of the a-nodes, such that the maximum distance
between two consecutive nodes does not exceed a predefined value.
From the work by Heimlich, a value of a 10th of the width of the
tolerance zone can be obtained.
Nevertheless, the choice of the loci of these a-nodes is rather arbitrary, especially with respect to the actual approximation primitives
used, as this computation of a-nodes does not take any characteristics of the chosen approximation primitive into account. This can
dramatically be demonstrated when using straight line segments as
approximation primitives, i. e., approximating a polygonal chain with
another one. We consider a regular n-gon that we want to approximate using a symmetric tolerance zone. Following the previously
described construction, we can conclude that the resulting a-nodes
lie exactly on the input vertices. As all approximation primitives, i. e.,
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resulting straight line segments, are required to start and end in such
an a-node and, furthermore, lie within the tolerance zone, they are
confined to the area resulting from the intersection of the n-gon with
its tolerance zone. Thus, the region for valid approximation primitives is reduced to less than its half. This coincides with an increased
amount of approximation primitives required to build a valid approximation.
An example of such an n-gon, an Octagon, can be seen in Figure 23.
The a-nodes are too restrictive and thus allow an approximation only
within the inner area of the tolerance zone. As a result, we get four
approximation primitives, whereas an arbitrary choice of the a-nodes
allows an approximation with only three primitives. To give a proof,
consider the circumcircle of the inner area and the inscribed circle of
the approximation zone. For this example, the radii were chosen to
be of ratio 1 : 2 and it can easily be observed that no triangle can be
inscribed into such a ring and thus the approximation must consist
of at least four a-nodes, one more than the optimal triangle shown
dashed in the figure. This problem also extends to splines defined
upon this set of a-nodes, when using the triangle and the quadrangle
as control points.

Figure 23: An Octagon with tolerance zone, shaded blue and inner area
shaded dark blue.

This problem can be extended to more sophisticated approximation
primitives, e. g., spline curves which we use to achieve a G2 continuous approximation. These primitives do not only require a start and
an end node, but rather are defined by four anchor nodes. As described in the following chapter, Section 6.2, one can conclude that
these splines are entirely contained within the convex hull defined by
their four control points, but in general neither the start nor the end
point of such a spline segment lie exactly on an a-node, as they are
pulled towards their anchor nodes rather than traveling through them.
The placement of a-nodes roughly in the middle of the tolerance
zone does not seem to be the best choice.
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5.1

medial axis computation

The second approach proposed by Heimlich [Hei06] describes the use
of the Voronoi diagram to compute the medial axis of the tolerance
zone. The medial axis of a polygon, as first described by Harry Blum
in 1967 [Blu67], is known under a variety of names, such as symmetric
axis or grassfire transform. The later term describes the original idea
by Blum in an intuitive way: We ignite all points on the border of
the polygon simultaneously. Assuming a constant burning speed, we
track the points where the flames meet. These quench points form
the medial axis of the polygon.
Formally, the medial axis can be described as the set of points p
in the interior of the polygon, such that there are at least two points,
footprints, on the boundary of the polygon that are equidistant to p
and are closest to p [Lee82]. When examining and decomposing this
definition, we get the following properties for points on the medial
axis:
• All points p, such that there are at least two points on the boundary that are equidistant to p, describes the set of all points on
bisectors of the input polygon.
• If these footprints have to be closest to p, only those p can be
accounted that lie on the Voronoi diagram of the polygon.
Thus, for our polygonal input we can conclude that the medial axis
is a subset of the Voronoi diagram.

Figure 24: The medial axis of a simple polygon as a subset of the polygon’s
Voronoi diagram.

More intuitive definitions of the medial axis define it to be the locus
of all centers of circles inside the polygon that touch the boundary of
the polygon in at least two points [CSW95]. As we have a numerically
stable and robust, fast and reliable Voronoi diagram implementation,
we can compute the Voronoi diagram of the polygon to filter those
edges that belong to the medial axis, using Vroni. As already mentioned in the previous Chapter 3, the generalized Voronoi diagram of
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straight line segments can be computed in O(n log n) time, and the
computation using Vroni yields an asymptotic runtime complexity
of O(n log n) expected time, following the random incremental construction approach. Nevertheless, there do exist algorithms that are
capable of computing the medial axis in linear time, e. g. the algorithm described in [CSW95].
An important observation is that the number of Voronoi nodes on
the medial axis is linear in the number of input vertices. This can
easily be concluded when examining the steps that lead to the computation of the medial axis. As discussed in Chapter 4, the number
of vertices on the tolerance zone boundary is linear in the number
of input vertices. Thus, the input for our second Voronoi diagram
computation is in O(n) which again yields a Voronoi diagram with
an overall number of nodes (and edges) linear in the input. Thus, we
can conclude that the medial axis, as a subset of the Voronoi diagram,
is in O(n) with n the number of input vertices.
The medial axis was originally intended as a simpler representation of complex geometric objects in the field of pattern recognition.
Associated with information about the defining radii, the medial axis
can be used to reconstruct the underlying object. For simple polygons, it can be seen as a tree, rooted in a Voronoi node in the interior
of the polygon with the polygon’s vertices as leaves. As the medial
axis is a subset of the Voronoi diagram, its edges consist of straight
line segments and parabolic arcs [Lee82].
We follow the approach by Heimlich and Held [HH08a] and place
an a-node on every Voronoi node of the medial axis as defined above.
For the computation of the medial axis, we keep track of the input
sites, as they can easily be classified into sites belonging to the left
and to the right part of the tolerance zone boundary. Thus, we only
take those Voronoi edges into account that belong to sites of different
classes, one of the left and the other of the right boundary.
As illustrated in Figure 26, this approach of placing a-nodes directly onto nodes of the medial axis may cause a significant increase
in the number of approximation primitives. The input polygon consisting of a given number of n ridges on top could be approximated
by a single rectangle, resulting in exactly four output segments. When
using only approximation nodes on the medial axis, the number of
resulting line segments is linear in the number of input vertices. Thus,
when extending the input by adding more jagged vertices at the top,
the number of output primitives lies in Ω(n).
This problem can be attenuated by adding sampled a-nodes on
the medial axis. Nevertheless, by narrowing the tolerance band, an
arbitrary large number of these sampled nodes may be required.
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Figure 25: The a-nodes are placed on those nodes belonging to the medial
axis that are incident to edges defined by one site of the left and
one site of the right boundary.

Figure 26: A suboptimal choice of a-nodes may result in a number of output segments in Ω(n) even if an approximation with a constant
number of segments is possible.
The dashed line represents such an optimal approximation,
whereas the orange approximation defined only on the green anodes requires a linear number of segments.
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6.1

bézier curves

6.1.1 Bernstein Polynomials
Polynomials and polynomial curves are wide spread in the environment of computational models of scientific and engineering problems.
Especially their ability to approximate functions that do not have a
closed-form expression motivated the introduction of the Bernstein
basis to formulate well-behaved polynomials [Far12, p. 382].
Bernstein Basis Polynomials
The Bernstein basis polynomials of a given degree n, named after Sergei
Natanovich Bernstein, form a basis of the vector space of polynomials
R[ x ] of degree up to n. These n + 1 basis polynomials bk,n of degree
n are defined as
 
n k
bk,n ( x ) =
x (1 − x ) n − k ,
k = 0, 1, . . . , n
k
where (nk) denotes a binomial coefficient, defined as
 
n
n!
:=
.
k
k!(n − k )!
The Bernstein basis polynomials up to degree n = 5 can be seen in
Figure 27. We use the convention to set bi,n = 0 for any i < 0 or i > n.
One can show that the Bernstein basis polynomials both are linearly
independent and span the space of polynomials of a given maximum
degree deg(P ) < n. Thus, one can conclude that the Bernstein basis
polynomials actually form a basis of the space of polynomials.
The power basis consisting of the polynomials { xi : i ∈ N0 , i < n}
is known to form a valid basis in this space of polynomials. Thus, it
can be maintained that the power basis spans the space of polynomials. Furthermore, as any polynomial in power basis can be converted
into a polynomial in Bernstein basis and vice versa, the Bernstein
polynomials do indeed span the polynomial space.
To show that the Bernstein basis polynomials are linearly independent, one can consider a linear combination of n + 1 Bernstein basis
polynomials and show that for all x
0 = α0 bn,0 ( x ) + α1 bn,1 ( x ) + . . . + αn bn,n ( x )
holds if and only if all αi = 0 for i = 0, . . . , n.
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By applying the definition of the Bernstein basis polynomials, one
can conclude that if the linear combination of Bernstein basis polynomials yields zero, one gets
 
 
 
n 0
n 1
n n
n
n −1
0 = α0
x (1 − x ) + α1
x (1 − x )
+ . . . + α1
x (1 − x )0
0
1
n
and by collecting the corresponding terms for each power of x, one
can write
  
  
n
n
n
i i
n
i i
0 =α0 ∑ (−1)i
x + α1 ∑ (−1)i
x +...
i
0
i
1
i =0
i =1
  
n
i i
i n
+ αn ∑ (−1)
x
i
n
i =n
"
"
  #
  #
0
1
n
0
n
1
= ∑ αi
x 0 + ∑ αi
x1 + . . .
0
0
1
1
i =0
i =0
"
  #
n
n
n
+ ∑ αi
xn
n
n
i =0

which finally gives an expression of type
0 = µ0 t0 + µ1 t1 + . . . + µ n t n .
From the fact that the polynomials in power form define a basis
of the space of polynomials, it can be deduced that µi = 0 for all
i = 0, . . . , n. Thus, for the values of αi one gets
  
0
n
0
α
=0
∑ i 0 0 = α0
i =0
  
1
n
1
=0
∑ α i 1 1 = α0 ∗ n + α1 ∗ n
i =0
..
.
  
n
n
n
∑ αi n n = . . .
i =0

=0

Beginning from the first line, α0 = 0 and subsequently inserting
the previous result into the next line finally gives that αi = 0 for
all i = 0, . . . , n and thus the Bernstein basis polynomials are linearly
independent.
Bernstein Polynomials
A Bernstein polynomial B( x ) of degree n is a linear combination of
Bernstein basis polynomials, i. e.,
n

B( x ) =

∑ bk bk,n (x)

k =0
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(d) b0,3 ( x ) = (1 − x )3
b1,3 ( x ) = 3x (1 − x )2
b2,3 ( x ) = 3x2 (1 − x )
b3,3 ( x ) = x3
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(c) b0,2 ( x ) = (1 − x )2
b1,2 ( x ) = 2x (1 − x )
b2,2 ( x ) = x2

(b) b0,1 ( x ) = 1 − x
b1,1 ( x ) = x

(a) b0,0 ( x ) = 1

1.0

(e) b0,4 ( x ) = (1 − x )4
b1,4 ( x ) = 4x (1 − x )3
b2,4 ( x ) = 6x2 (1 − x )2
b3,4 ( x ) = 4x3 (1 − x )
b4,4 ( x ) = x4
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(f) b0,5 ( x ) = (1 − x )5
b1,5 ( x ) = 5x (1 − x )4
b2,5 ( x ) = 10x2 (1 − x )3
b3,5 ( x ) = 10x3 (1 − x )2
b4,5 ( x ) = 5x4 (1 − x )
b5,5 ( x ) = x5

Figure 27: Sample Bernstein basis polynomials bn,k = (nk) x k (1 − x )n−k , of
degree n = 0, . . . , 5 in the unit square [0, 1]2

Bernstein used these polynomials in the early 20th century to give
a constructive proof [Ber13] of the Stone-Weierstrass approximation
theorem [Wei85a], [Wei85b]. This fundamental theorem was first
proven by Weierstrass (German: Weierstraß) in 1855 and states that
every real- or even complex-valued continuous function can be uniformly approximated by polynomial functions over R. Additional
details including further proofs of the Weierstrass theorem can be
obtained from reference [Lor86] and more recently [Far12].
Bernstein Approximation
For a given continuous function f on the interval [0, 1], the Bernstein
approximation is defined as
 
n
k
bk,n ( x ) .
Bn ( f )( x ) = ∑ f
n
k =0
A sample Bernstein approximation of a continuous function over
the unit interval with degrees up to 1024 can be seen in Figure 28.
This approximation can be shown to converge uniformly to the function f on the interval [0, 1] and thus it can be shown that the space
of polynomial functions, i. e., the metric space of polynomials on the
closed interval [ a, b] together with the supremum as a norm, is dense.
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It must be observed that the Bernstein approximation converges
very slowly, i. e., the rate of convergence is in O(1/n) for all functions
that are twice differentiable [Phi03, p. 251]. This is basically known
as the Voronovskaya Theorem [Col75]:
If f is twice differentiable on [0, 1], then, for all x ∈ [0, 1],

1
lim n f ( x ) − Bn ( f , x ) = − x (1 − x ) f 00 ( x ) .
n→∞
2
This notoriously slow rate of convergence counterbalances many
of the otherwise beneficial properties of the Bernstein approximation
and thus prevents wide-spread practical use [GR74b, p. 293].
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Figure 28: Bernstein approximation over the unit interval of the continuous function f ( x ) = sin (πx ) + 51 sin 6πx + πx2 with approximation degrees 1 to 1024

Further Properties of Bernstein Polynomials
As Bernstein basis polynomials are defined upon binomial coefficients, some of the neat properties of binomial coefficients can be
propagated to Bernstein basis polynomials. As an example, using the
property of binomial coefficients that
  
 

n
n−1
n−1
=
+
k
k−1
k
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it can be shown that a Bernstein basis polynomial bk,n ( x ) of degree n
can be written as the sum of two basis polynomials bk,n−1 of degree
n − 1. The following recursive definition
bk,n ( x ) = bk−1,n−1 ( x ) x + bk,n−1 ( x ) (1 − x )
can be shown using the above property, the definition of Bernstein
basis polynomials and some simple algebra:
 
n k
bk,n ( x ) =
x (1 − x ) n − k
k

 

n−1
n−1
=
+
x k (1 − x ) n − k
k−1
k




n−1 k
n−1 k
n−k
=
x (1 − x )
+
x (1 − x ) n − k
k−1
k




n − 1 k −1
n−1 k
n−k
x
=x
+ (1 − x )
x (1 − x )(n−1)−k
(1 − x )
k−1
k

= x bk−1,n−1 ( x ) + (1 − x ) bk,n−1 ( x )
A fundamental property is that over the unit interval all Bernstein
basis polynomials are non-negative, i. e.,

∀ x ∈ [0, 1] : bk,n ( x ) ≥ 0 .
This can be shown using a well-founded induction, using the lexicographical order of (k, n) ⊆ N0 × N0 as well-founded relation. The
base cases can be easily handled, since
b0,n = (1 − x )n ≥ 0
and thus for the induction step we get
bk,n ( x ) = bk−1,n−1 ( x )
| {z }
IH

x
|{z}

≥0∀ x ∈[0,1]

≥0

+ bk,n−1 ( x ) (1 − x ) ≥ 0 .
| {z } | {z }
IH

≥0

≥0∀ x ∈[0,1]

Similarly, one can conduct a well-founded induction to show that all
Bernstein basis polynomials yield positive values over the open unit
interval (0, 1), i. e.,

∀ x ∈ (0, 1) bk,n ( x ) > 0 .
Another important property is that Bernstein basis polynomials
form a partition of unity, i. e., bk,n (t) sum up to 1 for all values of
t.

∀n ∈ N

n

∑ bk,n (x) = 1

k =0

To give a proof for above property, one first shows that the sum of the
n + 1 Bernstein basis polynomials of degree n at any point x ∈ [0, 1]
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equals the sum of the n Bernstein basis polynomials of degree n − 1,
again at any point x ∈ [0, 1].
n −1

n

∑

bk,n ( x ) =

k =0

∑ bk,n−1 (x)

k =0

This can be shown using the previously given recursive definition
and applying some basic algebra, most notably shifting the index. For
this proof, one requires the convention that ∀i < 0, i > n bi,n = 0.
n

n

k =0

k =0
n

∑ bk,n (x) = ∑ [x bk−1,n−1 (x) + (1 − x) bk,n−1 (x)]
=x

n −1

∑

bk−1,n−1 ( x ) + (1 − x )

∑

bk−1,n−1 ( x ) +

k =1
n

=x

n −1

∑

n −1

bk,n−1 ( x ) − x

∑ bk,n−1 (x)

k =1
n

k =0
n −1

k =0
n

k =1
n −1

k =0

k =1

=x
=

∑ bk,n−1 (x)

k =0

∑ bk−1,n−1 (x) + ∑ bk,n−1 (x) − x ∑ bk−1,n−1 (x)

∑ bk,n−1 (x)

k =0

Using this intermediate result, one can conclude by induction that
indeed for any n ∈ N
n

∑ bk,n (x) = 1

k =0

holds. The induction step has already been shown, as the sum of
degree n polynomials equals the sum of degree n − 1 polynomials at
any point x ∈ [0, 1]. The base case is simple, as for n = 0 the sum
reduces to only one term1 , for which
0

∑

bk,0 ( x ) = b0,0 =

k =0

 
0 0
x (1 − x )0 = 1 .
0

This beyond the field of geometric modeling interesting and important property allows the use of approximation primitives based on
Bernstein (basis) polynomials, as for any set of n points P0 , P1 , . . . , Pn
with given position vectors p1 , p2 , . . . , pn in R2 , the curve obtained by
the parametrization
γ : [0, 1] → R2
γ(t) = p0 b0,n (t) + p1 b1,n (t) + . . . + pn bn,n (t)
1 For x = 0 or x = 1, this term contains the expression 00 . In this thesis, we use the
convention that 00 = 1. See [Knu92] for details and additional references on 00 .
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forms a convex combination of the points P0 to Pn .
Especially in the field of computer aided geometric design, a lot
of research has been conducted to achieve curve (primitives) suitable
for many needs, including generalizations [Phi96] and different types
of (Bernstein) polynomials, e. g., the q-Bernstein polynomials [OP03].
This might also be a consequence of the fact that the Bernstein basis
on a given interval is optimally stable [FG96]. For polynomial evaluation, the Bernstein form on the given interval is more stable than
the power form [FR87], i. e., the condition numbers are systematically
smaller, and thus many applications yield numerically more stable
results [FG96, p. 1566], [Far12, p. 396].
The intrinsic stability of the adopted representation scheme
is an important issue that can profoundly influence the accuracy and reliability of various calculations on parametric curves and surfaces [FG96, p. 1566].
The Gibbs Phenomenon
Another interesting result concerning the Bernstein approximation is
the absence of the Gibbs phenomenon [GP03, p. 7]. The Gibbs phenomenon is an effect which can be seen when the Fourier approximation (based on Fourier series) for non-periodic or discontinuous
functions is studied. An example of the Gibbs phenomenon of a
Fourier series approximation in comparison to a Bernstein approximation can be seen in Figure 29. It describes the overshoot which can
be seen in the approximation close to jumps (points of discontinuities)
or in the non-periodic case, at the period boundaries. If we are given
the Fourier coefficients fˆk , we build the Fourier series as
n

f n (x) =

∑

fˆk eikπx .

k=−n

The Gibbs phenomenon, first observed by Henry Wilbraham in 1848
[Wil48, p. 200] and later analyzed by Josiah Williard Gibbs in 1899
[Gib98][Gib99], describes the fact that
sup | f ( x ) − f n ( x )|
x ∈[−1,1]

does not tend to zero [GS97, p. 645]. For additional details on the
Gibbs phenomenon, see references [Wil48], [Gib99], [HH79], [GS97]
and [Jer11].
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6.1.2 Bézier Curves
Polynomials and polynomial curves in power basis, i. e., curves with
polynomials as coordinate functions, are well understood and easy
to handle from a mathematical point of view. Still, they are only
of little interest to designers, as they are not suitable for artists with
little mathematical background as an instrument to define shapes and
curves.
Several reasons account for this fact, most notably the problem that
the coefficients of a polynomial in power basis give only little insight
about the actual geometric shape of the curve [Sed11, p. 17]. Additionally, polynomials in power basis are most likely to suffer from
numeric problems. For efficient evaluation, e. g., by using Horner’s
method, cancellation can possibly occur at any step and the overall
numerical error is difficult to determine a-priori [Hig02].
For these reasons the French physicist and mathematician Paul de
Faget de Casteljau, working for the Citroën car company, and Pierre
Bézier, an engineer at the Renault car company, independently developed curve definitions intuitive enough to be used productively
by designers without requiring a lot of mathematical training. These
mathematical inventions where pioneered and accompanied by the
invention of hardware, capable of visualizing complex sets of geometric objects, e. g., the Sketchpad system by Ivan E. Sutherland [Sut64].
At Citroën, the invention of and development on these curves was
conducted secretly by de Casteljau. He focused on creating a mathematical system which could be used at the state of designing. Previously, a lot of effort had to be made in adopting existing designs and
blueprints to a suitable mathematical representation. De Casteljau’s
Bézier curves were recursively defined, which led to the development
of the de-Casteljau-algorithm. His main contribution was the use of
control polygons, instead of defining the curve by a set of points on
it [Far02, p. 4-6]. As the work by de Casteljau was kept a secret, it
was not before the late 1970s that attention was paid to the technical
reports by de Casteljau.
The work by Bézier followed mathematically different ideas. Bézier
defined a basic curve as an intersection of two elliptic cylinders and
used affine transformations on the cylinders resulting in affine transformations of the curve. This concept, in polynomial formulations,
turned out to be identical to the approach developed by de Casteljau.
Furthermore, the algorithm which later became renowned as the de
Casteljau algorithm had also been discovered by a member of Bézier’s
team [Far02, p. 6].
Bézier curves are defined upon control points which are forming
the control polygon. The reason why Bézier curves are handy for designing free form shapes is that they mimic the shape of their control
polygon [Sed11]. Most importantly, the start and end points coincide
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with the first and last control point. This is a remarkable property, as
for many practical purposes the designer is required to have direct
control over these two important points [Far96, p. 37].
Additionally, Bézier curves are invariant under affine transformations, e. g., scaling, rotating, translation, etc. This means that first
applying an affine transformation to the control polygon and then
computing points on the Bézier curve yields the same result as first
computing the points on the curve and then applying the transformations [Far96, p. 36].
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Figure 30: Two sample Bézier curves with corresponding control polygons

In 1972, A. R. Forrest discovered the significance of Bernstein polynomials, as the curves as defined by Casteljau and Bézier can be
written in Bernstein form: A Bézier curve of degree n with control
points defined by position vectors p1 , . . . , pn can be expressed explicitly by Bernstein polynomials [For72], parametrized on the unit interval t ∈ [0, 1] as
n

B(t) =

∑ pi bi,n (t)

.

i =0

Although we define Bézier curves on the unit interval, it is also
possible to use an arbitrary parameter interval [ a, b] by linearly mapping [ a, b] onto the unit interval [0, 1] such that B[a,b] ( a) = B(0) and
B[a,b] (b) = B(1). Unless stated otherwise, we usually define Bézier
curves B(t) on the unit interval, whereas Bézier curves on the interval [ a, b] are denoted as B[a,b] (t), with equation
n

B[a,b] (t) =

∑ pi bi,n

i =0



b−t
b−a


.

The class of functions bi,n (t) is also called blending functions and it is
obvious that different blending functions allow a huge set of possible
curves.
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Figure 31: A set of rational Bézier curves with equal weights 1.0 for points
P1 , P3 and ω = 2i , i = −2, . . . , 3 for P2 .

Apart from the possibilities following the use of different blending
functions, there do exist generalizations of Bézier curves. One class
of these curves consists of the so-called rational Bézier curves which
have additional scalar weights ωi attached to every point:
R(t) =

∑in=0 ωi pi bi,n (t)
∑in=0 ωi bi,n (t)

Rational Bézier curves provide more control over the shape of the
curve, see a sample rational Bézier curve in Figure 31. Additionally, they are required to exactly represent all conic sections, as only
parabolas can be expressed by polynomial Bézier curves as previously
defined [PL02, p. 44]. Furthermore, a perspective projection of a 3D
Bézier curve yields a rational Bézier curve [Far83].
The early research by European automotive companies seems to
have been conducted unaware of the developments and inventions in
aircraft engineering, as James Ferguson had already published early
results in 1964 [Fer64]. Further industrial uses of Bézier techniques
have been described by Gerald Farin at Daimler-Benz [Far84] and by
Hochfeld and Ahlers at Volkswagen [HA90].
One of the most common uses of Bézier curves can be found with
font design, e. g., in the graphics language PostScript. Individual characters are stored as a sequence of Bézier curves defining their outline,
which comes with a great advantage over, e. g., storing the characters’
pixel data. As the Bézier curves are invariant under affine transforma-
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Figure 32: A Bézier curve lies within the convex hull of its control polygon.

tions, the characters are easily scaled or rotated, which is a common
requirement in any text processing system [Far96, p. 120].
6.1.3 Intersection Tests
We focus on building an approximation that is entirely contained
within our approximation tolerance. Thus we need to come up with
a test to check whether a primitive lies within this previously computed tolerance zone. The tolerance zone is represented by a simple
polygon sampling its boundary. Instead of running a set of pointin-polygon-tests, e. g., using the ray-casting algorithm [SSS74, p. 13],
we rather start with a vertex known to lie within the tolerance zone
and check whether the next approximation primitive intersects the
tolerance zone boundary. In the case of such an intersection, the approximation primitive leaving the tolerance zone is discarded.

Convex Hull Property
An important property of Bézier curves is that all points of the curve
always lie within the convex hull of the defining control polygon.
This is an implication of the important fact that the Bernstein basis
polynomials are all non-negative and form a partition of unity. These
two fundamental properties have been proven in the previous section.
A visualization of this property can be seen in Figure 32.
As a direct consequence, to rule out that a given Bézier curve intersects the tolerance zone boundary, we conduct an intersection test
with the convex hull of the control polygon which is much faster than
testing against the Bézier curve itself. If the test fails, we have to make
refinements to our search.
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De Casteljau Algorithm
Although de Casteljau’s work dates back to 1959, there are only a few
technical reports, deposited and attested by a notary in 1963 [BM99].
These technical notes were not easily accessible and thus de Casteljau’s work was not noticed until Wolfgang Boehm obtained a copy in
1975 [Far96]. A scan of the original notes has been attached to the
paper by Boehm and Müller in 1999, see reference [BM99].
The de Casteljau algorithm runs on a given polygonal chain of
length n, the control polygon, which consists of n + 1 vertices Pk ,
k = 0, . . . , n called control points or Bézier points and n straight line
segments. For a given partition of unity t, i. e., t ∈ [0, 1], subdividing
the segments of the control polygon according to t, i. e., at the ratio
t : (1 − t), gives a new polygonal chain of length n − 1, consisting of n
vertices and n − 1 segments. Repeating this procedure finally gives a
single point, B(t). The trace of this point defined by this algorithm on
the control polygon when varying t defines a curve of degree n. It can
be shown that this results in the Bézier curve as previously defined.
The subsequently generated points pi,k with i the iteration step and
k = 0, . . . , i can be evaluated recursively as
pi+1, k = t pi, k+1 + (1 − t) pi, k .
These intermediate points can be arranged in the following triangular
scheme [BM99]:
p0, 0
p1, 0
..

p0, 1

.
pn−1, 0

..
.

pn, 0
pn−1, 1
.

p0, n−1

..

p1, n−1
p0, n
In this triangular form, the leftmost column p0, k assembles the input points, i. e., p0, k = Pk whereas the other points are recursively
computed, depending on the choice of t. The resulting point B(t) =
pn, 0 can be written using the previously defined Bernstein basis polynomials bn, k as
n

b(t) =

∑ Pi bn, i (t)

i =0

and thus indeed gives the Bézier curve as defined in Section 6.1.2.
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The computation of points on the Bézier curve using the de Casteljau Algorithm is both numerically stable [FN90] and sufficiently fast.
The storage for the triangular scheme given above is linear in the
number of control points, as in every step the previously achieved results can be overwritten [Far96, p. 36]. For a proof that Bézier curves
computed by using the de Casteljau algorithm are indeed invariant
under affine transformations, see [Gal99, p. 153].
Subdivision Algorithm
The subdivision method can be used to refine the control polygon and
achieve a polygonal approximation of the Bézier curve. The main goal
is to find two suitable control polygons in such a way that the original
curve can be subdivided at any given parameter t ∈ [0, 1] into two
independent consecutive curves. The resulting curves are required to
be identical with the original curve, with respect to the partition of
the original parameter interval by t. The required control polygons
can be easily computed using de Casteljau’s algorithm, giving again
two Bézier curves as a result. As this process converges fast, it is
possible to use consecutive subdivisions to render the curve. It has
been proven that the polynomial refinement converges to the curve
[CS85] and that the convergence rate is quadratic [Dah86].
To conduct such a subdivision step, we compute the intermediate
nodes of the de Casteljau algorithm as previously described. For a
control polygon with n + 1 control points, this process can be carried
out in place, i. e., within a given array of vertices, overwriting the previously generated nodes in every step without requiring additional
storage. This can be visualized when arranging the above triangular
scheme in the following manner, which allows the next column to
be computed from the top down without overwriting any data to be
read in a consecutive step.
p0, 0

p1, 0

. . . pn−1, 0

p0, 1
..
.

p1, 1
..
.

. . . pn−1, 1
.
..

p0, n−1

p1, n−1

pn, 0

p0, n
In this process of evaluating the Bézier curve, we get an array of n +
1 vertices, p0, n , p1, n−1 , . . . , pn,0 . These vertices form the lower border,
whereas the vertices p0, 0 , p1, 0 , . . . , pn,0 at array index 0, provided that
they are properly stored during every step, form the upper border
of the triangular scheme. These two polygonal chains of each n + 1
vertices form the new control polygon of two Bézier curves which are
identical with the original Bézier curve on the parameter intervals
[0, t] and [t, 1]. These curves are visualized in Figure 33.
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Performing Intersection Tests
As the subdivision method returns two Bézier curves, it can be recursively applied, resulting in a polygonal approximation of the Bézier
curve. For the proof that the polygonal chain Pn (t) defined by the
nth iteration of the subdivision process converges uniformly to the
Bézier curve B(t), i. e.,
lim sup kPn (t) − B(t)k = 0 ,

n→∞

t∈[0,1]

see [Gal99, p. 158]. Additionally, it is possible to compute the Bézier
curve for a given parameter interval [ a, b] ⊂ [0, 1], by simply computing the subdivision at parameter a and using subdivision with respect
to parameter b on the resulting Bézier curve.

p 3 ,1
p2,2

p4,0
p3,0

p2,0

p1 , 0

p1 , 3

p0,0

p0,4

Figure 33: The de Casteljau algorithm used to subdivide a Bézier curve at
parameter t = 0.5.

As an additional important application, the subdivision method
can also be used for intersection testing. Following a binary search
approach, the subdivision is subsequently carried out for a given parameter t = 0.5. The intersection test can be conducted against the
convex hull or, even computationally faster, the axis aligned bounding boxes of the resulting control polygons. If an intersection is reported, the subdivision is carried on with the corresponding division
of the curve. The subdivision stops, when the size of the axis aligned
bounding box falls below a given intersection tolerance [Han02, p.
81].
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Figure 34: Subsequent subdivisions of a Bézier curve can be used to conduct
an intersection test between the Bézier curve and a straight line
segment.
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Figure 35: The de Casteljau algorithm is applied to the input polygon, with
pn, k the kth intermediate node after the nth step. The trace of p4, 0
defines the Bézier curve of degree 4 for the given control polygon
of length 4.
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6.2

splines

Most shapes are too complex to be represented by a single Bézier
curve, and a few additional problems add to the fact that Bézier
curves as described in Section 6.1.2 are suboptimal in a number of
ways.
1. A control polygon of length n consists of n + 1 control points.
Thus, it takes n(n + 1)/2 steps to compute a point on the curve.
Given a control polygon with a large number of control points,
this approach with asymptotic runtime in O(n2 ) is too computationally intensive. In addition to the computational inefficiencies, polynomial curves at a high degree are numerically unstable.
2. Bézier curves lack sufficient local control, as moving a control
point effects the entire curve. Especially for intersection testing
it is desirable that moving a single control point does only effect
a small region of the curve, limiting the resulting intersection
tests to that specified region.
3. The control points affect the curve, but to define a curve interpolating a shape at a given set of approximation nodes, it is often
necessary to solve systems of linear equations. If the degree of
the curve is high, this becomes highly impractical.
To overcome these shortcomings, the so-called splines have been
introduced. The main idea behind splines is to spline, i. e., to continuously join a set of shorter parts together, forming a single curve.
These parts are easier to handle but require additional care to maintain continuity at the join points, sometimes also called breakpoints,
resulting in a sufficiently continuous curve [Gal99, p. 187], [PT97, p.
47].
We define a piecewise polynomial f (t) of order k with regard to a
strictly increasing sequence of breakpoints (tn ) as a function with the
same image as a polynomial Pi (t) of degree < k on each of the half
open intervals [ti , ti+1 ).
This definition, adopted from the chapter by Carl de Boor [dB02] in
the book [FHK02], results in a right-continuous function. This means
that for any t
lim γ( x ) = γ(t) .

x →t+

This choice is arbitrary, but the right-continuous curve definition has
become the standard [dB02, p. 141].
Bézier curves as previously defined can be seen as a map from
the unit interval I = [0, 1] onto a vector space, most commonly R2
or R3 . For a piecewise (polynomial) curve, this definition has to be
adopted. A spline curve consists of a collection of intervals according
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to the given sequence of breakpoints also called knots, for which every
interval [ti , ti+1 ] is mapped onto a (polynomial) curve segment.
At this point, we distinguish between local and global parameters.
For every global parameter t ∈ [t0 , tn ] we evaluate a point on the
curve as γ(t). For a given interval [ti , ti+1 ] we can define the local
parameter s as
s=

t − ti
.
t i +1 − t i

It can easily be seen that s is in the unit interval for all t ∈ [ti , ti+1 ].
Depending on the properties of interest, it can either be more convenient to argue on global coordinates or it can be of advantage to
describe certain properties in terms of local coordinates.
6.2.1 B-Spline Basis Functions
Based on the definition of a non-decreasing knot sequence (ti ), e. g.,
t0 ≤ t1 ≤ t2 . . . ≤ t j ≤ . . . we define the kth B-spline basis function
of order 1 for a given knot sequence (ti ) as the characteristic function
on the interval [tk , tk+1 ). The characteristic function χ T ( x ) is defined
as

1, x ∈ T
χT ( x ) :=

0, otherwise
resulting in the following definition for the B-spline basis functions
of order 1:

1, t ∈ [t , t )
k k +1
b1,k (t) :=

0, otherwise
It can be observed that the resulting sequence (b1,k )(t) forms a partition of unity for all t in the parametric domain T given by infi ti <
t < supi ti . Furthermore, two identical knots in the knot sequence
tk = tk+1 yield the constant function 0 as basis function, as in this
case b1, k (t) = 0 for all t.
B-spline basis functions of higher degree n > 1 are recursively defined by the recurrence relation
bn+1, k (t) := ωn+1, k (t)bn, k + (1 − ωn+1, k+1 )bn, k+1
with
ωn,k (t) :=

x − tk
.
t k + n −1 − t k

Using an induction on k, it can be shown that this recursive definition of the B-spline basis functions bn, k indeed yields a piecewise
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polynomial of order k with break points at tk , tk+1 , . . . , tk+n . Furthermore, the basis functions bn, k are positive in the interior and vanish
outside of the interval [tk , tk+n ).
Figure 36 shows sample B-spline basis functions up to order 5.
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Figure 36: Sample B-spline basis functions over a uniform knot sequence
ti = i, i. e., the set of integers

6.2.2 B-Splines
Based on the convolution of certain functions describing probability distributions, B-splines along with a suitable knot sequence have
been of interest since the 19th century, with their main application
in smoothing statistical data. An early appearance can be found in
Schoenberg’s paper from 1946 on the approximation of equidistant
data by analytic functions [Sch46].
Schoenberg defines and uses B-splines as the convolution to a given
power k of characteristic functions on given intervals [dB86]. The result forms a probabilistic density distribution of the error which arises
for a sum of k real random variables when replacing the variables
with their closest integer representations [Sch46].
Starting with the work by Schoenberg in 1946, the discovery of the
recurrence relations of B-splines by de Boor [dB72] and Mansfield
[dB86, p. 5] as well as by Cox [Cox72] who proved it by a different
argument and only for a strictly increasing knot sequence, formed
the foundation of the modern spline approximation [Far96, p. 141].
Schoenberg studied several aspects of Cardinal splines in different papers published in the late 60s and early 70s where he focused on uniform knot sequences [dB86, p. 2] which led to the publication of Cardinal Spline Interpolation [Sch73]. The use of B-splines for curves and
surfaces in computer aided geometric design was announced [GR74b,
p. 310] and published [GR74a] by Gordon and Riesenfeld in 1974.
A B-spline of order n with a given knot sequence (ti ) is defined as
a linear combination of the n B-spline basis functions bn,k . It must be
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observed that in early literature the term B-spline is used to describe
what has been defined as a B-spline basis function in our work. The
linear combination of B-spline basis functions is often called solely a
spline. We use the convention that a B-spline is based on B-spline basis
functions, as this has become the common terminology in computer
aided geometric design [dB02, p. 144].
For practical reasons, (tn ) is expectedly a finite sequence with the
only requirement to be non-decreasing. Nevertheless, from the definition of the B-spline basic functions of order k, it can easily be observed
that for any knot sequence at most k basic functions are non-zero. A
B-spline basis function of order k is non-zero only in the interval
[ti , ti + k]. Thus, the B-spline segment s(t) from the B-spline of order
k defined upon the knot-sequence (tn ) as
!

∑ pi bk, i

Bk (t) :=

(t)

i

can be evaluated for a t ∈ [tk , tk+1 ] as [PBP02]
k

s(t) :=

∑ pi bk, i (t)

.

i =0

Therefore, from a theoretical point of view, it does not make a difference if the knot sequence is finite, infinite or even bi-infinite, as the
sum can always be evaluated point wise. Even for an infinite knot
sequence the sum

∑ pi bk, i (t)
i

is well-defined. From a practical view, this implies that moving a
control point results in changing the local behavior of the curve.
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Figure 37: Sample quadratic and cubic B-spline curves

Two sample B-spline curves can be seen in Figure 37 with uniform
knot sequence ti = i and given control points. Each of the curves
consists of a set of curve segments splined together at the break points.
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6.2.3 The de Boor Algorithm
The de Boor algorithm is a fast and numerically stable algorithm for
evaluation of B-spline curves. It can be considered a generalization
of de Casteljau’s algorithm for Bézier curves and was devised by Carl
de Boor in 1972 [dB72]. We consider a B-spline segment for a given
knot sequence (tn ) and given control points pi = p0,i defined as
s(t) =

∑ p0, i bn, i (t)

.

i

We can, analogously to de Casteljau’s algorithm, use the recurrence
relation on B-splines in a repeated scheme with an according definition of pk, i in the given interval [tn , tn+1 ) in order to conclude that
[PBP02]
n

s(t) =

∑ p0, i bn, i (t)

i =0
n

=

∑ p1, i bn−1, i (t)

i =1

..
.
n

=

∑ pn, i b0, i (t)

i =n

= pn, n
This computation is based on the generation of intermediate nodes
pk,i at each level k. The values for pk, i , computed recursively following the recurrence relation on the B-spline basis functions allow a
definition of pk, i as
pk, i = (1 − α) pk−1, i−1 + αpk−1, i .
This definition contains the weights α = αn−k, i which are computed
based on the underlying knot sequence and defined as

α = αn−k, i =

t − ti
t i +1+ n − k − t i

.

Since t ∈ [ti , ti+1 ], we can conclude the weights α to be in the unit
interval [0, 1]. Furthermore, as the linear constants in above definition α and 1 − α sum up to 1, the intermediate points form convex
combinations of each other [PBP02, p. 64].
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Similar to the arrangement in de Casteljau’s algorithm, these intermediate nodes can conveniently be displayed in a (lower) triangular
scheme:
p0, 0
p0, 1

p1, 1

p0, 2
..
.

p1, 2

p2, 2
..

p0, n

...

.
pn, n

The initial nodes which are points in a given space form the control
points. As every intermediate node is a convex combination of the
upper left and the left node, the resulting node pn,n is also a node
in the given space and, furthermore, a convex combination of the
control points. As a remark, it must be observed that for an arbitrary
t ∈ R this process does not compute the spline segment itself, but
returns a polynomial curve sn (t) that agrees with the spline segment
on the corresponding knot interval with respect to t [PBP02].
When applying the de Boor algorithm, we generate a new control
polygon at every level that describes the same B-spline curve [Far96,
p. 149]. This is precisely how the knot insertion algorithm works:
The knot insertion process consists of inserting a knot into the given
knot sequence without altering the spline curve, requiring the construction of new control points. It has been shown that the first level
of intermediate nodes computed by the de Boor’s algorithm yields
the new control points [Gal99, p. 234].
As an example, for the first level k = 1, the resulting knot sequence
consists of the original knots ti with the additional knot t inserted
into the knot interval (tn−1 , tn ):
t 0 t 1 t 2 . . . t n −1 t t n t n +1 . . .
The corresponding control points for the resulting spline segment
consist of the original control points with n − 1 points replaced by the
intermediate points from the first level of de Boor’s algorithm:
p0

p1,1

p1,2 . . . p1,n

pn

Repeated knot insertions can be used to gain a refinement of the
original control polygon while leaving the defined curve unchanged,
as it has been shown that the sequence of control polygons Pr consisting of the control polygon with r additional knots inserted converges
to the curve defined by these polygons.
The use of the repeated knot insertion can be found in rendering
of the defined B-spline curve, as from the convergence directly follows that an arbitrarily close polynomial representation of the curve
can be achieved if sufficiently many knots are inserted into the knot
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sequence. This lends itself also to an adaptive rendering approach,
inserting the more knots the higher the local curvature is, resulting
in a polynomial approximation with fewer primitives and/or better
error behavior.
6.2.4 Uniform Cubic B-Splines
In the previous sections, we discussed very general knot sequences
(ti ) which we only required to be non-decreasing. For the following approximation primitive, uniform cubic B-splines, we focus on
uniform knot sequences consisting only of integers, i. e., ti = i. The
resulting curves were already discussed by Schoenberg in 1973 as
Cardinal splines [Sch73].
This special choice of the knot sequence results in several simplifications, most notably the fact that all B-spline basis functions are
translates of one another. As a direct consequence, many of the associated formulae such as the recurrence relation and thus the evaluation with de Boor’s algorithm are simplified. This recurrence relation
which previously contained the weight functions ωn,k (t) simplifies to
[dB02, p. 146]
bn, k (t) =

t bn, k−1 + (k − t)bn, k−1 (t − 1)
.
k−1

As the basis functions are translates of one another, the resulting Bspline is uniform.
For our approximation algorithm, we require primitives suitable
for G2 continuous approximation. Thus, we require at least cubic
primitives and investigate uniform cubic B-splines.
6.2.5 Intersection Tests
As previously defined, a spline curve consists of a set of curve segments. A remarkable property of B-splines is that every curve segment of a B-spline is contained within the convex hull of its control
points [Spi10, p. 5]. This is a direct consequence of the fact that
any point on the curve evaluated using de Boor’s algorithm forms a
convex combination of its defining control vertices. Again, as with
Bézier curves, this lends itself for a suitable simplification for a curve
segment to conduct an intersection test with. An example of such a
B-spline segment and its convex hull can be seen in Figure 38.
Additionally, as a direct analogon to the refinement procedure of
Bézier curves, the de Boor algorithm can be used to insert knots and
thus refine the curve by adding additional control points. With these
additional control points it is possible to generate a refinement of the
curve that can be used to conduct an intersection test with, possibly
checking against the refined curve segment’s convex hull.
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Figure 38: A B-spline segment lies within the convex hull of its defining
control points.

As a shortcut to the knot insertion process, the work by Chaikin
[Cha74] can be adopted: Chaikin’s corner cutting scheme starts with a
set of control vertices and repeatedly applies a subdivision process to
the given control polygon, resulting in the following two new control
vertices [Gal99, p. 235]:
3
pi +
4
3
= pi +
4

0
=
p2i
0
p2i
+1

1
p i +1
4
1
p i +1
4

These control vertices can be shown to be the result of inserting a
knot at the midpoint of every interval of an uniform knot sequence
belonging to a quadratic B-spline curve. Thus, the polygon defined by
Chaikin’s corner cutting scheme defines and, furthermore, converges
to a quadratic B-spline curve. The fact that this corner cutting process generates an uniform quadratic B-spline curve were published
by Riesenfeld [Rie75].
The curves generated by the corner cutting scheme are, as they
are quadratic B-spline curves, of class C1 . Thus, they are tangent
continuous, but not suitable for G2 continuous approximation. To
subdivide a cubic spline, for any three consecutive control points the
following new vertices have to be computed [Gal99, p. 235]:
1
pi +
2
1
= pi +
8

0
p2i
=
0
p2i
+1

1
p i +1
4
3
1
p i +1 + p i +2
4
8

For binary subdivision of an uniform cubic B-spline defined upon
a control polygon consisting of four vertices p1 , p2 , p3 , p4 we have to

81

approximation primitives

1.0

P3

1.0

P3

P1 ,3
0.8

P1 ,4

0.8

P2

P2
P1 ,2
P1 ,5

0.6

0.6

0.4

0.4

P1 ,1

P4

P4

0.2

0.2

P1

P1
0.2

0.4

0.6

0.8

(a) Cubic B-spline curve

1.0

0.2

0.4

0.6

0.8

1.0

(b) Result of subdivision process

Figure 39: Illustration of the cubic B-spline subdivision process

compute five vertices p1,1 to p1,5 . This computation can be written in
matrix form using the so-called splitting matrix as follows:




p1,1
4 4 0 0  




 p1,2 
1 6 1 0  p1 


 
1



 p2 
 p1,3  = 0 4 4 0 


 
8
p 
0 1 6 1  p3 
 1,4 


p4
p1,5
1 1 4 4
These vertices define two cubic B-splines defined upon the control
polygons p1,1 , p1,2 , p1,3 , p1,4 and p1,2 , p1,3 , p1,4 , p1,5 , sharing three control vertices. This process is illustrated in Figure 39. Further details
on above splitting matrix can be obtained from Catmull and Clark’s
paper [CC78] on generation of B-spline surfaces.
With this subdivision process defined, we can conduct an intersection test as with the Bézier curves following a binary search scheme.
By subsequently inserting knots and thus subdividing the curve until
a given intersection tolerance is reached, we can test for intersections
using the convex hulls of the resulting spline curve segments. If no
intersection is found, the spline curve segment can be omitted, otherwise we continue with refined curve segments. If the maximum
intersection tolerance is reached, we report an intersection.
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7.1

greedy approach

Held and Eibl [HE05] presented different approximation algorithms.
In their original context, these algorithms were used to approximate
discrete data sets by G1 continuous arc splines as presented by Meek
and Walton [MW92]. All of these algorithms follow the same idea,
implementing a greedy scheme: They start in a given approximation
node and traverse the list of approximation nodes as long as the approximation primitive between the given start node and the current
node is valid.
The first start node is the first node in the list of approximation
nodes. The longest approximation primitive found this way, i. e., the
primitive which passes the maximum number of approximation nodes,
is stored and the process is repeated with the current maximum node
as start node. This definition does not cover a length comparison
based on the actual curve length, but for complexity reasons rather
uses the number of passed a-nodes as a measure of distance. A description of the algorithm in pseudo-code can be seen in Algorithm 4.
For Algorithm 4, as well as for Algorithm 5 and Algorithm 6, AP(i, j)
or AP(i, j, k, l ) denote a primitive defined on the a-nodes with the
respective indices.
Algorithm 4: Greedy approach – longest-arc
input : vector of n a-nodes
output : list of resulting approximation primitives r
s ← 0;
c ← 0;
while s < n do
if AP(s, c + 1) is invalid or c + 1 ≥ n then
add AP(s, c) to r;
s ← c;
else
c ← c + 1;

The main difference between the various methods can be seen in
the way, the next valid approximation primitive is found. Whereas
the longest arc-method uses a linear search, the doubling length approach does not only increase the interval between each round’s start
node and the current node by one, but doubles the length in each

83

approximation algorithms

step. When an invalid approximation primitive is detected, the doubling process is resumed with the last valid node, until the last node
is found, for which a valid approximation primitive can be generated.
This approach can be optimized with the doubling and bisection approach by using a binary search scheme once an invalid primitive is
reported. This method first uses the doubling length method to find
the first node, for which the resulting primitive is invalid. Then a
binary search is conducted to again find the last approximation node
which can be used to define a valid approximation primitive. An
in-depth discussion including a complexity analysis of the different
approximation methods can be obtained from [Eib02].
Algorithm 5: Doubling and bisection
input : vector of n a-nodes a
output : list of approximation primitives r
start ← 0;
right ← 1;
while start < n do
next ← 2 ∗ right;
if start + next > n − 1 then
next ← n− start −1;
if AP(start, start +next) is invalid
or start + next = n − 1 then
left ← right;
right ← next;
while right − left > 1 do
mid ← (left + right) /2;
if AP(start, start + mid) is invalid then
right ← mid;
else
left ← mid;
add AP(start, start + left) to r;
start ← left;
left ← 0;
next ← 1;
right ← next;

These methods have been proven to generate reliable results when
used with approximation primitives that are defined upon exactly
two a-nodes, a start and an end node. Primitives suitable to form
curves of higher classes of continuity, including Bézier curves or cubic
B-Splines as defined in Chapter 6, are defined upon more than these
two a-nodes and thus cause problems when used with the scheme
described above.
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The main problem is that when successively adding the node for
which the primitive passes the maximum number of a-nodes to the
resulting approximation list, chances are good that with the next two
rounds only a very small number of a-nodes can be passed. This
is a consequence of the fact that the first long step stretches the approximation primitive to an extent such that almost no further nodes
can be reached without leaving the tolerance zone. Thus, we have
developed a top-down approach, allowing a successive refinement of
a coarse start primitive violating the boundary conditions until it fits
into the tolerance zone.
7.2

top-down approach

The following approach implements a divide and conquer algorithm
to approximate the input. In our implementation, we focus on uniform cubic B-splines, although this algorithm can be used for any
kind of approximation primitive. The general scheme can be described in the following way: We start with one approximation primitive and refine this primitive by subsequently adding new approximation nodes until we gain primitives sleek enough to fit through the
tolerance zone.
We require a vector of a-nodes and a list of left and right boundary nodes defining the tolerance zone boundary as input for our algorithm. It is essential that the data type for the a-nodes allows
a constant random access. Each a-node has a pointer to the corresponding left and right boundary nodes. Thus, intersection tests
can be handled by first generating the relevant boundary segments
and then using the primitive’s methods to find intersections with the
boundary. This implies that the relevant intersection code for checking against straight line segments can be encapsulated within the
class definitions for the respective approximation primitive.
We can deduce from the polynomial form of the uniform cubic Bsplines in power basis that the start point of the curve is incident in
the first control point, if the first three control points coincide. Analogously, the end point of the curve coincides with the last control point,
if the last three control points coincide. Thus, to approximate polygonal chains with fixed start and end point, we add the first and the
last a-node three times each. Nevertheless, the idea of Algorithm 6
can easily be extended to cover closed polygons. To support closed
polygons, we have defined a circular iterator on the list that allows a
traversal from the end of the list back to the start. With appropriate
choice of the starting nodes and adapted loop conditions, this can be
used to extend the algorithm to closed polygons.
The refinement of a spline segment S that intersects the tolerance
zone boundary is done by adding additional a-node indices to an
index list. This index list contains indices for actual approximation
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nodes stored within a vector. For the intersecting spline segment S
which is defined upon the four indices stored in ni , ni+1 , ni+2 and
ni+3 the three indices b ni ,n2i+1 c, b ni+12,ni+2 c and b ni+22,ni+3 c are added at
the appropriate positions into the list.

Algorithm 6: Top-down approach (open polygonal chain)
input : vector of a-nodes a
output : list of approximation primitives r
data : empty list of node indices n
for i ← 1 to 3 do
pushFront(0) into n;
pushBack(length( a) −1) into n;
c ← 0;
while c + 3 < length(n) do
if AP(nc , nc+1 , nc+2 , nc+3 ) is invalid then
insert(b(nc + nc+1 )/2c) at position c + 1 into n;
insert(b(nc+1 + nc+2 )/2c) at position c + 3 into n;
insert(b(nc+2 + nc+3 )/2c) at position c + 5 into n;
else
c ← c + 1;
for i ← 3 to length(n) − 1 do
if ni is redundant then
erase(ni );
else
pushBack( AP(ni−3 , ni−2 , ni−1 , ni )) into r;

An additional check after the refinement process ensures that no
redundant node is added to the list of resulting approximation primitives. Redundant nodes are control points that can be safely removed,
i. e., the spline curve remains in the tolerance zone even without
the redundant node. A uniform cubic B-spline segment is defined
on exactly four control points. So a check for redundancy at node
with index i can easily be conducted by checking the three spline
segments defined by the approximation nodes ( ai−3 , ai−2 , ai−1 , ai+1 ),
( ai−2 , ai−1 , ai+1 , ai+2 ) and ( ai−1 , ai+1 , ai+2 , ai+3 ) for intersections. In
the case of open polygonal chains, the first three nodes and the last
three nodes must not be removed to guarantee the spline curve to
start and end in the fixed start and end nodes. In the closed case,
again circular iterators have been used.
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7.3

complexity analysis

For an in-depth discussion of the overall complexity of the algorithm
presented in this thesis, we start by giving an overview of the data
structures used.
7.3.1 Data Structures
The input read from files using our I/O routines is stored in an object
of type AObject containing a linked list of Curve-objects. These
Curve-Objects are used to store the input vertices, approximation
nodes and tolerance zone boundaries. As container for the n input
vertices and for the approximation nodes we chose to use a doubleended-queue, short deque, with the following properties:
• Constant time random access: Individual elements can be accessed by their position index in constant time O(1).
• Linear time iteration: Iteration over all elements in any order
can be done in linear time O(n).
• Efficient insertion and deletion at both ends: Elements can be
added and removed either at the beginning or the end of the
deque in amortized constant time O(1).
The use of this data structure allows to access elements with a
given index in constant time, i. e., the data structure behaves like a
traditional vector or array of elements. Other than with plain arrays
of elements, pointer arithmetics is not supported. Thus, numerical
indices have to be computed and used for element access. The handling of allocation and the actual storage of elements is subject to the
implementation and the actual library used.
In contrast to the double-ended-queue data structure with constant
time random access used for approximation nodes, the nodes defining the tolerance zone boundary are stored in a doubly linked list.
This data structure allows constant time insertion and deletion, as
long as an iterator to the position is known. As a major drawback,
these lists lack the support of direct access to an element by a given
index. Thus, random access requires linear time.
• Linear time random access: Individual elements can be only
accessed by their position index by traversing the list from either
the beginning or the end, resulting in linear time O(n).
• Linear time iteration: Iteration over all elements in list order
either from the beginning to the end or vice versa can be done
in linear time O(n).
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• Constant time insertion and deletion: With a known position,
the insertion and deletion operations require only constant time
O (1).
These lists are of great use for data that requires a lot of insertion
and deletion operations in the middle of the list. An example of
such a deletion operation is the removal of collinear or degenerated
vertices or segments from a list.
7.3.2 Preprocessing
As preprocessing, the entire input is scanned for degeneracies such
as collinear vertices or zero-length segments, which are removed. Additionally, the orientation at each vertex is computed as used for the
tolerance zone computation in Chapter 4, indicating whether the vertex is convex or concave. As this preprocessing is handled only on a
per-vertex-base, the whole process clearly is in linear time, as well as
in linear space. The algorithm is defined to work on simple polygons
or polygonal chains thus ruling out any self-intersections. A check
for self-intersections is not conducted but, as already mentioned in
Section 1.2, can be done in O(n log n) time.
As we resort to the Voronoi diagram to compute the tolerance zone
boundary, a smoothing using a pre-approximation as proposed by
[HE05] to handle noisy input data is not required.
Thus, we conclude the preprocessing process to run in O(n) linear
time and space.
7.3.3 Tolerance Zone Boundary
The computation of the tolerance zone boundary uses the Voronoi
diagram of the input. The Voronoi diagram can be computed in
O(n log n) time and requires linear O(n) space to be stored. The tolerance zone is defined on a subset of the Voronoi diagram, and thus
the number of boundary nodes is linear in the number of input elements. Thus, as already discussed in Section 4.3, the tolerance zone
boundary computation runs in O(n log n) time and requires O(n) linear space.
7.3.4 Approximation Nodes
The approximation nodes are placed on the edges of the medial axis
of the inner Voronoi diagram. This inner Voronoi diagram is computed
using the boundary nodes. The number of these boundary nodes is
linear in the number of input vertices and thus the computation of
the inner Voronoi diagram requires O(n log n) time and O(n) linear
space. Thus, to find the medial axis, we have to traverse a subset of
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the Voronoi edges of the inner Voronoi diagram and get a number
of a-nodes that is linear in the number of input vertices. So the
computation of the approximation nodes can be done in O(n log n)
time and O(n) space.
If not specified otherwise, the approximation nodes are additionally sampled with respect to the width d of the tolerance zone, resulting in a number of O(n/d) a-nodes.
7.3.5 Approximation
The Top-Down-algorithm can be seen as a divide and conquer approach. With every split step, an intersection test is conducted and
the problem is refined by adding a constant number of node indices
to a list functioning as a stack. The merge step does not require additional work, but the intersection test with the tolerance zone boundary can require a linear number of intersection tests against straight
line segments. Thus, following the ideas of divide and conquer algorithms [Knu98], the complexity of the top-down approximation can
be concluded to be in O(n log n), requiring linear O(n) space.
Finally, these runtimes sum up and we can conclude our algorithm
to require O(n log n) asymptotic runtime complexity and O(n) linear
space.
7.4

comparison and practical results

7.4.1 Test Environment and Data Set
We ran a series of tests on our testing environment Rentier which
is a machine equipped with an Intel Core i7-2600 processor with
four cores hyperthreading enabled backed by 16 GB1 of memory. Although most of our test data is hosted on a network file system, we do
not take system calls for overall runtime measurement into account
and thus do not suffer a drawback from slow I/O operations. As 64
bit operating system, we used Ubuntu 10.04 LTS with the Linux 3.0.0
x64 kernel.
For our test, we simultaneously executed four instances of our implementation to fully utilize all cores available. Each execution was
bounded to use at most 4 GB memory and the maximum execution
time was limited to 3600 seconds. Additionally, our testing build
was not linked against OpenGL as utilized by the nxWindow library,
which we otherwise use to visualize our algorithm in our graphical
user interface.
The tests were run on the data set provided by Martin Held, subsuming a total of 22124 individual input files. These inputs did not
1 Using binary units, this total a number of 16 ∗ 10243 bytes.
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only contain single polygons or polygonal chains, but also incorporated multiply-connected structures.
To gain repeatable empiric results, we defined an automatic configuration of the required parameters of our algorithm that is based on
properties of the individual input files. Thus, as an approximation
tolerance, we specify both, the left and the right tolerance to be half
the arithmetic mean of the lengths of all input segments. This is computed as the sum of all lengths of all input segments divided by the
number of input segments, with zero length segments removed.
7.4.2 Data Compression and Runtime Plots
In the context of data compression, our algorithm can be used to
gain simplified representations of the original input while preserving
topology. Our tests have shown that our implementation using our
automatic setup yields an average data reduction to 55.44%. The number of control points for inputs of a given number of input vertices is
plotted in Figure 40.
In addition to the number of resulting control points, we have measured our implementation’s runtime and memory consumption, plotted in Figure 41 and Figure 42. The corresponding runtime plots are
itemized in Figure 43, Figure 44, Figure 45 and Figure 46 to give an
overview of the sub-algorithms’ contributions to the total.
7.4.3 Comparison with Previous Work
We compared our new divide and conquer approach against the doubling and bisection algorithm presented by Held and Eibl [HE05].
Our tests using the same automatic setup of tolerance zone boundaries and a-nodes for both types of algorithms have shown very
similar runtime characteristics for both algorithms when used with
straight line segments and biarc primitives.
Although the divide and conquer approach is running faster, it
tends to produce a slightly higher number of output primitives. The
plots shown in Figure 50 indicate that our approach is both, significantly faster and more efficient in terms of resulting output primitives
than the doubling and bisection method when using uniform cubic
B-splines as approximation primitives.
The results for straight line segments, biarcs and splines are plotted
in Figure 47, Figure 48 and Figure 49 respectively. The trend lines
plotted in Figure 47a, Figure 48a and Figure 49a were computed using
a linear fitting of the data in the log-log-plot. A comparison of the
different approximation primitives can be seen in Figure 51.
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Figure 40: Plot showing the achieved data compression using the top down
approach with uniform cubic B-splines.
The dashed line in Figure 40b represents the mean µ, the dotted
lines bounding the shaded area represent the values µ − σ and
µ + σ where σ stands for the standard deviation.

91

approximation algorithms

1e+07
total

1e+06

Runtime [ms]

100000

10000

1000

100

10

1
1e+02

1e+03

1e+04

1e+05

Number of Vertices

Figure 41: Runtime plot of our implementation
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Figure 42: Plot showing a linear memory consumption
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Figure 43: Runtime plot of the tolerance zone boundary computation
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Figure 44: Plot showing the runtime of the a-node computation
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Figure 45: Runtime plot showing the computation of the inner Voronoi diagram used to find the medial axis of the tolerance zone boundary
in blue and the outer Voronoi diagram defined on the original
input in green.
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Figure 46: Plot showing the runtime of the approximation using our TopDown approach
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Figure 47: The plots show the comparison of runtimes using segments as
primitives in Figure 47a and the comparison of resulting output
segments in Figure 47b.
The data for our divide and conquer approach is plotted in blue
and for the doubling and bisection method in red.
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Figure 48: The plots show the comparison of runtimes using biarcs as primitives in Figure 47a and the comparison of resulting output biarcs
in Figure 47b.
The data for our divide and conquer approach is plotted in blue
and for the doubling and bisection method in red.
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(b) Comparison of output spline segments

Figure 49: The plots show the comparison of runtimes using spline segments as primitives in Figure 47a and the comparison of resulting output control points in Figure 47b.
The data for our divide and conquer approach is plotted in blue
and for the doubling and bisection method in red.
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Figure 50: The above plots show quotients of the form
Result Divide and Conquer
Result Doubling and Bisection
of runtimes in the left and output size in the right column for
segments in the top, biarcs in the middle and spline segments in
the bottom row. The dashed line represents the mean µ and the
shaded area shows the range [µ − σ, µ + σ] with σ the standard
deviation.
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Figure 51: The plots show the number of output elements using the divide
and conquer approach normalized to the number of input vertices. The lines represent the averages of the corresponding data
points.
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7.4.4 Sample Approximations
We additionally give a few samples of approximations computed by
our implementation. Some of these samples are drawn with corresponding structures such as tolerance zone boundaries. The colors
used stand for the individual data structures, with the input black
and the approximation in orange. The left and right tolerance zone
boundary, including spikes, are drawn in magenta and cyan respectively. Sample approximations of noisy input structures can be seen
in Figure 56 and Figure 58. A one-sided tolerance zone is used to
approximate the multiply-connected polygons shown in Figure 58. A
successive refinement of the input from Figure 52a can be seen in
Figure 52b, Figure 52c and Figure 52d.

(a) The original input consisting of
432 vertices.

(c) Approximation with tolerance
dl = −dr = 0.01 resulting in 59
control points.

(b) Approximation with tolerance
dl = −dr = 0.001 resulting in 227
control points.

(d) Approximation with tolerance dl = −dr = 0.1 resulting in 8 control points.

Figure 52: Successive refinement of the border of Austria.
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Figure 53: Sample approximation of an open curve.

Figure 54: Sample approximation: The input was created using the algorithm by Martin Held and Christian Spielberger [HS09] and is
used in the field of pocket machining. The input consists of 3301
vertices and our approximation returns 123 control points for a
B-spline curve.
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Figure 55: Sample approximation: The resulting curve lies within the tolerance zone.

Figure 56: Sample approximation: A noisy input and its G2 continuous approximation. Because of the large tolerance threshold, the left
tolerance zone depicted in magenta is degenerated to a set of
spikes.
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Figure 57: Sample approximation of an axis-aligned input curve.

Figure 58: Sample one-sided approximation: The noisy input circles are oriented in opposite directions.
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8

CONCLUSION

In this thesis we present a new algorithm to compute an approximation of multiply-connected polygonal chains or polygons. Our algorithm can be used in the environment PowerAPX by Held and Heimlich [HH08a] to extend the given collection of existing algorithms. In
contrast to these greedy algorithms, our algorithm implements a divide and conquer approach. Thus, instead of sampling an approximation by adding one approximation primitive after another, we rather
begin with a coarse approximation which is refined until it is entirely
confined to the so-called tolerance zone.
We implemented our algorithm using approximation primitives
suitable to generate a curve consisting of G2 continuous primitives,
namely uniform cubic B-splines. Our implementation can be used
to approximate both, open polygonal chains and polygons as well as
multiply-connected structures thereof.
Our algorithm consists of several sub-algorithms that lie in a variety of fields. A major part of this thesis deals with the construction of
a so-called tolerance zone. The tolerance zone is based upon a user
definable left and a right tolerance threshold which confines the maximum Hausdorff distance between the input curve and the resulting
approximation. For the computation of the tolerance zone we rely on
the Voronoi diagram, which we use to compute the tolerance zone’s
boundary. The boundary is sampled using straight line segments,
and these segments can be used to conduct fast intersection tests to
prevent approximation primitives from leaving the tolerance band.
In order to give a definition of the tolerance zone, we utilize the
Voronoi diagram and recall the definitions that can be obtained from
literature. We do take open polygonal chains into account and thus
do not make use of global properties such as the interior-/exteriorproperty of a point with respect to a polygon or the nesting-level of
polygons. Rather than relying on these properties, we build a tolerance zone from subsets of Voronoi cells. Additionally, we propose
the use of the medial axis as a subset of the Voronoi diagram of the
tolerance zone, to gain a list of anchor nodes for our approximation
primitives.
In this thesis, we give a formal definition of parametric curves in
the Euclidean plane. As we aim to compute a G2 continuous approximation, we define some basic properties such as the different types
of continuity, parametric continuity Cr and geometric continuity Gr .
Furthermore, we define many properties of curves that we either ex-
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plicitly or implicitly use when defining our approximation primitives
or algorithm.
In addition to the definition of parametric curves and their properties we give an overview of different types of curves used widely
in geometric modeling and suitable as approximation primitives. We
give a historic perspective starting with Bézier curves and illustrate
the algorithm by de Casteljau to both, evaluate and refine a curve for
intersection testing. To overcome the shortcomings of these types of
curves, we present splines and focus on B-splines defined upon a uniform knot sequence. To achieve G2 continuity, we require primitives
of at least cubic degree and thus propose uniform cubic B-splines for
use with our algorithm.
Intersection testing is another important part of this thesis. We
pursue an approach consisting of consecutive refinement and convex
hull testing. This can be done, as for our primitives two significant
properties hold: Uniform cubic B-Splines are entirely defined within
the convex hull of their control points and, furthermore, the de Boor
algorithm provides an efficient solution to refine the control polygon
and thus split the spline segment into two halves.
We tested our algorithm to confirm a linear memory consumption
and runtime in O(n log n). The number of computed spline control
points is linear in the number of input vertices, with an average data
compression rate to 55.44% for a specific automated setup of the tolerances.
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